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1. Beepenue 5

1. BeepeHue

StudLib — cBobopHO pacmpocTpaHsfemas 6ubnuoreka (panee -
IIaKeT) NpOrpaMM, peanu3oBaHHAA B CUCTEME IPOrPaMMUPOBAHUA
PascalABC.NET 3.2 u mocTaBnAaowanca BMeCTe ¢ HEN B UCXOLHOM KOZe
(daitn StudLib.pas). Insa pabots ¢ makerom monyab StudLib.pas cneny-
€T 3arPy3uUTb U OTKOMITMIIUPOBATb.

B makeTe HaxOmATCA IPOrpPAMMLI, PeANU3VIOLNE PaA3NUYHLIE
YUCNEHHbIE METOABI IIOCPELCTBOM KACCOB, a TaKXKe BCIIOMOTATEJbHbIE
ITPOTPaMMBL U COMYTCTBYIOLME TUITHL LAHHbIX.

C nomompbio makera StudLib MoxHo peuraTs 3apauu uU3 cnenyio-
wux obnacreii:

— HaXOoXJeHue KOpHeW HeIMHEeNHbIX YPaBHEeHU;

— CTaTUCTUYecKasa 00paboTKa JaHHbIX, 3alaHHLIX B TAOJIUUHOM BUJIE;

— wuHTepnonAauua, auddepeHUMpPOBaHME WU ANIIPOKCUMAUUA AAHHBIX,
3a[]JaHHbIX B TAONUYHOM BUAE;

— OTlepalum ¢ IPOCTHIMU APOOAMU;

— oIlepauum C OANHOMAMU;

— JuHeNHas anrebpa (omepaunn ¢ BEKTOPAMU U MAaTpULlaMy, pelieHune
CUCTEM IMHENHBIX YPAaBHEHUN);

— peutenune cucteMm gudpdepeHUNanbHLIX YPaBHEHUN;

— BbIUUCJIEHUE OTIPEfieJIeHHbIX UHTErPajoB;

— TIOUCK MMHUMYMA QYHKLUN OQHOT'O U MHOTUX MIEPEMEHHLIX;

— 3d[id4i¥ OIITUMU3ALUN.
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YacTp mporpamm IepeBefieHa B MaCKalb Ha YPOBHE UCXOAHOTO
TEKCTa U3 CYLECTBYIOWNX MTaKeTOB MIPUKIAAHBIX IIPOTPAMM, TaKUX Kak
SSPLIB (Ha a3sike ®opTpaH) unu omybAUKOBAHHLIX B NWUTeparype. B
3TOM C/ly4ae IMOAPOOHAA CChIIKA HAa UCTOUHUK NIPUBEJEHA B TEKCTE IIPO-
rpaMmul. Jlpyras 4acTb HaiucaHa aBTOPOM Ha OCHOBE anrOpUTMOB, IIpu-
BeJleHHbIX B PA3/INYHBIX UCTOYHWKAX U B 3TOM Cllyyae CCbUIKA Ha UC-

TOYHUK TaKXe€ [a€TCA B TEKCTE ITIPOT'PAMMBI.



1. Beepenue /

2. Cucrema TecrupoBanusa StudLibTest

Ilocne ycranosku wnu obxosnenusa PascalABC.NET 3.2 peko-
MEH[yeTCA BLIIIONHUTb TEeCTUpPOBaHME IlaKeTa IIPU IIOMOWMN MOZLYNA
StudLibTest.pas.

TecTnpoBaHue 3aKniovaeTcA B pelIeHUN PAAA KOHTPOJNbHBLIX 3a-
L0AaHUN U CIVYEeHUW TONYYeHHBIX Pe3yibTaToB C 3TanoHamu. [Iposepe-
HUEe TeCTUPOBAHUA ABIAETCA XOPOUIUM IOATBEPXKAEHUEeM paboTocrio-
COOHOCTU YCTaHOBJIEHHO BEPCUM.

Kaxpbiit MOLyb MTaKeTa TECTUPYETCA Ha HabOpe TeCTOBLIX IPU-
MepOB W IIPU HEIPOXOXJAEeHUW TecTa ¢ Iomombio Assert BbijaeTcs co-
ob1uleHne C YKa3aHWEM IOJIYIEHHBIX U 0XKUJdeMbIX Pe3yJbTaToB, II03BO-
nsolee 10Kann30BaTh MeCTo ournbku. HecMoTps Ha TO, UTO BeChb MakKeT
TIWATENAbHO TECTUPYETCA, LOMYCKAETCA BO3MOXHOCTb HEIIPOXOXIAEHUA
TECTOB B IIPOTPaMMax, UCIIONb3YIOWUX CAyJanHbe yucna. B Takux cny-
Yasfx I0J1€3HO IONBITATbCA BLITOJIHUTL TECTUPOBAHWE HECKONLKO pas,
YTOOBI yOEAUTLCA B HAIUYUMN YETKON OLINOKMU.

B xope TecTMpoBaHUA MO Mepe MTPOXOXKAEHUA TECTOB IIPOrPaAMM-
HbIX eIUHUL, Ha MOHUTOP BLIBOLWUTCS IIPOTOKOIL.

Ha6op TeCTOBHIX 3alaHWU! COLEPKUT AOCTATOYHOE KONUUECTBO
IIPUMEPOB, 03HAKOMJIEHNE C KOTOPLIMU MOXET 0Ka3aTbCA IOJ1€3HLIM [1A

JIy4uIiero roHnMalHusa pa60TbI C ITaKETOM.
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3. 06was undopmanyua

3.1. TouHOCTbL MpeACTaBEHUA YNCEN TUTIA real

B PascalABC.NET tun real 6asupyercs Ha NpefCTaBAeHUN AaH-
Hbix System.Double mnardopmbt Microsoft .NET. 3nauenne tuma real
3aHWUMaeT 8 6T IPU JINHE MAHTUCCHL 52 pas3psAzaa, uTo obecreynBaer
TOUHOCTb He Oonee 17 NeCATUYHLIX 3HAKOB.

PascalABC.NET mpepocTaBnsieT HeCKONbKO KOHCTAHT INaTGOPMbL
.NET, cBA3aHHbLIX ¢ TUITOM real:

- real.MinValue - MuHUManbHOe 3HayeHWe, IIPUMEPHO paBHOE
-1.7976931348623157E+308;

- real.MaxValue - MaKkcumanbHOe 3HAuyeHWe, ITPUMEPHO paBHOE
1.7976931348623157E+308;

- real.Epsilon - MMHUManbHOE MONOXKUTENLHOE UUCIL0, OTIUYHOE OT
Hyna (MalIMHHAA TOYHOCTbY»), KOTOpPOE BBLIBOAUTCA C HECKOJIbKO
CTPaHHBLIM 3HaueHUeM 4.94065645841247E-324 (k 3TOMy ML elle Bep-
HeMcs);

- NaN - «Not a Number» («He uucno»), BOSHWKaeT Ipu feneHun
0/0, BbluncneHuUn QYHKUUIA C HELOMYCTUMLIMW aPTYMEHTaMu W T.IL.
Bo3HUKHYB, uUMeeT TeHAEHLUI0 PACIPOCTPAHATHCA HAa BCIO IIPABYIO
YyacTb OllepaTopa IIPUCBaUBaHUsA, B CBA3U C YEM IIPU IIPOrPAMMUPOBA-
HUN PEKOMEHLYeTCA MPUHUMATL Mephl K usonauun NaN mpu momomm

npoBepku IsNaN(x), Bo3pawatoweit true pns x=NaN;



3.1. ToyHoCTb MTpefCcTaBAEHUA YUCEN TUIma real 9

- real.Negativelnfinity - «oTpuuarenvhas 6eCKOHEYHOCTbY», BO3-
HUKAWOWaA NIPU JeleHUU OTPULATEIbHOW BEIUYMHLL Ha HONb. [IpoBepa-
eTcs ipu nomowu IsNegativelnfinity(x);

- real.Positivelnfinity - «monoxurenbias 6eCKOHEUHOCTb», BO3HU-
Kawowas Mpu JeleHUN ITONI0KUTEeNbHOW BeIMIUHBL Ha HOMb. [IpoBepseT-
ca ipu nomomu IsPositivelnfinity(x).

Korpa 3Hak 6eCKOHEYHOCTW He UMeeT 3HaueHWs, MOXHO BOC-
I0Nb30BaThCs MpoBepKoii IsInfinity(x).

BepHeMca K pacCMOTPeHUI0 MAaUIMHHOW TOYHOCTU. I[IpakTuve-
CKoe WUCTonb30oBaHUe KoHcTaHThl real.Epsilon mpuBoguT k «yauBuTenb-
HBIM» (B HEXOPOLIEM CMBIC/IE 3TOTO CJ10BA) Pe3yjlbTaTaM, YeM U 00bsc-
HAETCA pelleHne 0TKa3aTbCA UCIIONb30BAHWUA 3TON KOHCTAHTHL IIPU Ha-
nmucanuu nakera StudLib.

B [1] mpepnaraeTca CYUTaTb TOYHOCTbIO (MAUIMHHBIM 3IICUJIOH)
TaKy10 MUHUMAJIbHY10 BEIMUUHY €, ANA KOTOpPOoin 1+ €> 1

IIpn mombiTke Bocmonb3oBarbca real.Epsilon 6xin monyueHst
COBEPLIEHHO HEYLOBLETBOPUTENbHbIE PE3Y/bTATLL, B YaCTHOCTH,

1.0 + real.Epsilon = 1.0 + real. Epsilon *1e100

[IoHATHO, YTO 3TO AeNaeT HEBO3MOXHLIMU CPAaBHEHUA TOYHOCTU
C BeIMYuHaMu €, 2€, ... 1000€ ..., MO3TOMY B NMPOrpaMMax MalIMHHAaA
TOUHOCTb OIPELENAETCA CeAYIOLUM 06pa3oM:

var eps:=1.0;
while eps+1.0>1.0 do eps*=0.5;
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B stom Cllyuyae HanZeHHaA MalIMHHAA TOUHOCTbL OKa3anachb pasB-

HoM 1.11022302462516e-16 (71-1-1-H-1-1-1-1—H-1—1—1—1—16), YTO U 0XUJAJ0Ch.

3.2. Pa6ora c makeTom

[lna mopknioueHUA MakeTa ClefyeT UCIONb30BaTh CEKLUIO pas-
Llena uses:
uses StudLib;
llanee penawoTrca HeobXopwUMbe ompereneHus QYHKLWIA, Tepe-
MEHHbIX MaCCUBOB U T.II, @ 3aTEM CO3[,AETCA 0OBEKT HYKHOTO KJlacca.
var oL := new umA_xnacca(napamempbl);
B HEKOTOPLIX CyYafx 3TOTO YKE JOCTATOYHO YTOOLI BOCIIONb-
30BaTbCA pe3ylbTaTaMW, B LPYIUX — BLI3LIBAETCA KaKOW-nubo MeTon

KJaccCa, BOSBPaHJ,a}OHJ,Mﬁ Pe3ynbTaThl.



4.3. Cratuctnueckas 06paboTKa JaHHBIX 11

4. OmucaHue nmporpamMm

4.1. HaxoxxpeHue KOpHe HeNMHENHBbIX YPaBHEHUN

IlycTb 3apana HekoTopas GyHkuua y=F(x). TpebyeTca oTbiCKATH
OZHO win 6onee 3HaYeHWUM X, Ana KoTopux F(x)=0. B 3tom cnyuae Bce
Takue X OYLYT Ha3bIBATbCS KOPHAMM ypaBHeHuA F(x)=0.

Teopua yTBepxpaeT, uTo ecnu x € [a;b] n pynkuua F(x) Ha un-
TepBane [a;b] MeHAeT 3HaK POBHO OAMH pa3, TO BHYTPU 3TOT'0 UHTEpPBA-
7la HaWpeTca oTpe3ok [o; 3] AnuHbL, He MpeBblIAOLe HEKOTOPOTO 3HA-
yeHUA €, Ha KOTOpoM F(X) Take MeHAeT 3HaK U C TOYHOCTbIO € 3TOT
WUHTEPBaJl MOXHO CYWUTaTb KopHeM ypaBHeHua F(x)=0. Orpesox [a;b]
Ha3blBAETCA WHTEPBAJOM M30JALMW KOPHA W Jajnee IpeAIoaraercs,
yro F(a) n F(b) umetor pasuble 3Haku, nubo F(a)=0, F(b)#0, nubo
F(a)#0, F(b)=0.

[ToyeMy BMeCTO TOUHOTO 3HAUEHUA KOPHA YpaBHEHUA MLI T'OBO-
PUM O HEKOTOpOM uHTepBane [a;f] c ANUHOW, He NpeBbILIAWMEN 3a-
LAHHYI0 TOYHOCTb €7 Bce neno B auckperHocTu (U BLITEKAawlen U3
3TOTO TOYHOCTW) ITPELCTaBNeHUA Yncen Tuna real. ITo UHTepBa fajee
Ha3bIBAETCA UHTEPBAJIOM HEOTIPEEeNIeHHOCTU.

Pemrenue 3apaun Ha IPAaKTUKe COCTOUT U3 HECKOJbKUX LIATOB.
Ha nepBoM u1are onpenensioTca UHTEPBALLL U30NAUMN KOPHEN YpaBHe-
HUS, 3 Ha TIOC/IeAYIOIUX 1A KaXKA0T0 UHTEPBaa U30IALUN C 3aAaHHON
TOYHOCTbI0 BEIUUCIIAETCA OUepELHOW KOPEHbD.

OpHWM M3 CaMBIX ITPOCTHIX WU HAMEXHLIX ITPUEMOB OTAENIEHUA

KOpHA ABNAETCA TaONWYHBIA METOA. 7 COBOKYITHOCTW PAaBHOOTCTOS-
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WUX TOYEK Ha OCU X BBIUUCAAIOTCA 3HAUeHUA Y(X) 40 TeX Iop, ITokKa He
OyneT BHIABJIEH MHTEPBA U30JALUN.

Jpyroit criocob oTaeneHus KopHew ocHOBaH Ha MeToze MoxTe-
Kapno. Ha HEKOTOPOM «pa3yMHOM» WHTepBaje CLy4YaiHBEIM 00pasom

3a[laHHbIX 3HAYEHWW X BHIYUCIANOTCA 3HaUeHUA QYHKLUU Y(X) U 3amo-
MWHAIOTCA Te TOYKU X, B KOTOPHIX 3HaYeHue y(X,) Haubonee 6nm3Ko
HyJ10. 3aTeM [ie1aeTCA 1Iar, HAIlpUMep, B CTOPOHY YMEHbLUIEHUA X, T.e.
TnojaraeM X,=X,-h, n ecnn sHavenue QyHKuMM y(X,) TaKKe yMeHblIaeT-

csl, [IeflaeTcA CeAyonUiA AT B 3TOM K€ HallpaB/IeHUU, TToKa GYHKLUA
HEe U3MEeHUT 3HaK. Ecnu mpu mepBoHaYanbHOM l1are QyHKUUA YBENINUU-

71a 3HAUEHWE, TO AieflaeM LIar YABOEHHOW AJUHbLL B 00PaTHOM HampasJie-
HUW, IPUXOAIA B TOUKY X, =X +h 1 BelleM MOUCK B HOBOM HaMpaBleHUMU.

JT0 crmocob, HeCMOTPSA Ha 6OJbIIYI0, YEM MTPEAbIAYIINIA CJI0XKHOCTD, B HE-
KOTOPHIX C/IyYasnxX MOXET ObICTpee MPUBOAUTD K HY)KHOMY Pe3yJbTaTy.

4.1.1. U3onanua KopHen ypaBHeHuA y(x)=0 Ha 3afaHHOM
UHTepBane TabnuuHsim MeroaoM (RootsIsolation)

MoxeT NMPUMEHATbCA AAA TONYYEHUA WHTEPBALOB W30ALUN
ITPOU3BOILHOTO KOAMYECTBA KOpHEW NPOU3BONbHOW (QYHKLUW OfHON
IepeMeHHON. 3afjaHHLIN MHTEPBaL NPOCMOTpa [a;b] mocnenoBaTenbHO
nmpocmaTpuBaercs ¢ marom h. Ecnu KopeHb ypaBHeHUA IomajaeT Ha
TPaHULY WHTEpBajsa b, WHTEPBaJl W30JAUUN BLIOWPAETCA PaBHBLIM

[b-h/2;b+h/2]. IlpaBunbHbIi BEIOOP 11ara h umMeer BaxHoe 3HaYeHMeE.
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PaccMOTPUM MpPUMep HAXOXAEHWUA WHTEPBAJIOB U30IALUU YPaB-
HeHus, rpaduK KOTOPOro MPeACTaBeH Aanee.

sin(t)
1+ (et)?
KoneuHo, ecnn umeercs rpaduK, UHTEPBaAILL U30IALUUNU MOXKHO

1=0

OlleHUTb 1o HeMy. Ho B maHHOM cnydyae rpaduk MpeacTaBieH YTOOb
IIOKa3aTb, KaK BHIOOP CAUIIKOM 60JbLIOTO 1ara h mpuBoauT K ommnbKam
B PELIEHUMU.

Kax BuaHO U3 rpadwnka, mIpu OTPULATENbHHIX 3HAYEHUAX apry-
MEHTA KOPHU OTCTOAT APYT OT ApYyra MPUMEPHO Ha 3, a TMPU IOJI0XKMU-
TENbHLIX - MeHblIe yeM Ha 1. CnenoBaTenbHo, pasyMHO OyaeT BHIOPATH

urar h<1, nanpumep, 0.5.

-10 -5

ITycTb MHTEPBaN MOUCKA KOpHEN cocTaBuT [-10;5].

var f:real->real:=t->sin(t)/(1+Sqr(Exp(t)))-0.1;

var (a,bh):=(-10,50.5);

var oS:=new RootsIsolation(f,a,b,h); // co3danu o6vexm
Writeln(0S.Value); // ucnons3osanu ezo memoo Value
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[lonyyaem peurexnue:
[(-10,-9.5),(-6.5,-6),(-3.5,-3),(0,0.5),(1,1.5)]

JTO — IIPaBWIbHBIM Pe3YNbTaT, IOTOMY YTO KODHW YpaBHEHUA
MpPUONU3UTENbHO paBHB -9.52495, -6.18307, -3.24191, 0.27789,
1.00272 (cm.4.1.2).

[TonpobyeMm 3apaThb u1ar, KOTOPHIA O6YAET B AaHHLIX YCA0BUAX He-
IIpueMsIeMbIM, Hartpumep h=2.

[lonyyaem peurexue:

[(-10,-8),(-8,-6),(-4,-2)] n MBI TOTepANYN ABa UHTEPBaja U30NALUN.

Haxkoxen, coBceM 6onbuioi mar h=6 mpusoput x ewe 6onee ka-
TacTpobuyeckum pesynbraram: [(-4,2)] — MBI TepseM YeThipe U3 NATU
VHTEPBALOB U30ALUN.

4.1.2. HaxoxpeHune AeCTBUTENbHOT0 HYNA PyHKLUYN Ha
UHTepBane usonanuu (Zeroin)

Zeroin — OfMH U3 NYYUIUX UMEIIWNUXCA MAUIUHHBIX allOPUTMOB,
coyeTawlmnx 6e30TKa3HOCTb OUCEKIUUN C ACUMIITOTUYECKON CKOPOCTHIO
MEeTOZA CeKYyIUX Anf cayvas rnagkux GyHkuuii [1]. B makeT BknoveH
Knacc Zeroin, MOPTUPOBAHHLIN ¢ GopTpaHa B CUCTEMY ITPOTPAMMUPOBA-
Hus Pascal ABC.NET 3.2.

[Ipeamnonaraercs 6e3 MPOBEPKU, UTO UHTEPBA U30NALUN KOPHA
[a;b] ompeneneH, B MPOTUBHOM Cjyyae IT0J1b30BATbCA Zeroin HeKop-
pexkTHO. Heo6xoanmo Takxke 3aaTb BEAUYNHY MAKCUMAJIbHO AOIYCTU-

MOT0 WHTepBajla HeOIpeAeNeHHOCTU peuieHus tol, T.e ANUHY OTpeska,
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COLLepKallero KOpeHb YpaBHEHUsA, UTO MOXHO PacCMaTpuBaTb Kak He-
KU aHaJIOT TOYHOCTU PeLIeHuA.
Havipem KopHu Ha uHTepBanax, onpefeneHHsix B 4.1.1. [Tonnaa

IIPOTPaMMa MOXET BBHITJIALETH Tak:
uses StudLib;
begin

var f:real->real := t->sin(t)/(1+Sqr(Exp(t)))-0.1;

var oS := new Zeroin(f,1e-12); // "mourocms" 10" (-12)

Printin(oS.Value(-10,-9.5), 0S.Value(-6.5,-6), 0s.Value(-3.5,-3),

0s.Value(0,0.5),0s.Value(1,1.5))

end
[TonyyaeM pe3ynbTaThl

-9.52494538246664 -6.18301745778349 -3.24191364084812
0.277894592306507 1.00272135335711

[IoHATHO, UTO LOBEPATb MOXHO TONbKO 11-12 3Hakam mocne 3a-
[IATOW B COOTBETCTBUU C 3alPOLIEHHLIM WHTEPBAJOM HeOIIpefesleHHO-

CTU.
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4.2. CraTucTnueckan 06paboTKa AaHHLIX, 3aJlaHHLIX B
TabnuuHoOM BUjeE

MaTeleaJl 3TOT'0 pa3jesia ImpearnonaraeT, 4YTO I10J1b30BATEJb 3HA-
KOM C OCHOBAMU CTATUCTUKU.
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4.3. 06LIKHOBEHHbIE APO6U

Briure (3.1) ye YaCTUYHO YIIOMUHAAUCH TPOOJEMB, CBA3AHHLIE
C HEBO3MOXXHOCTbI0 TOYHOT'O ITPEZCTABIEHNUA HELe/IbIX YNCesl B MAllIUH-
HOW apudmeTuke. Cnepytomas yacTb MpobneM COCTOUT B TOM, YTO
OONbIIVHCTBO OTHOWIEHWN ABYX Li€NILIX YWUCEN HeJb3sl TOYHO ITpejCcTa-
BUTb JIECATUYHON Apobbio, Hamrpumep, 1/3. 060 BceM 3TOM IOHATHO U
moapo6HO cKas3aHo, Hampumep, B [1] (rnasa 2).

YacTb mpobnem ynaeTcs YCTPAHWUTb, UCIIONb3YA 0OLIKHOBEHHLIE
LpoOU B3aMeH [eCATUYHbIX. Befla nuurb B TOM, YTO 0OBIKHOBEHHLIX APO-
Oeil HET HU B MAlIMHHOW apudMeTnKe, HU B PacIpOCTPAHEHHBIX YHU-
BEPCAJIbHLIX A3bIKAX ITPOrPAMMUPOBAHUA. YaCTUYHO KOMIIEHCUPOBATb

UX OTCYTCTBUE MOXET BKJIIOYEHHbIN B cOCTaB MakeTa knacc Fraction.

4.3.1. Onucanue xnacca Fraction

CTPYKTypHO ApOOb COCTOUT U3 MAaphl LENbIX YuUCesl, TPeACTaB-
NAWUX YUCAUTeNb (numerator) u 3HameHatens (denominator). Ilo-
CKOJNbKY lienble Ynucna B MalIMHHOW apudMeTuKe UMeT [OCTATOYHO
OTPaHUYEHHYI0 Pa3pARHOCTb, TPU pa3paboTKe knacca ObII0 MPUHATO
pelreHne ucnonb3oBarth knacc BigInteger mnardopmst .NET, peanusyto-
WU TPAaKTUYECKU HEOTPAHUYEHHY0 Pa3PAAHOCTD LieNbIX Yuces.

[Ipo6b co3maeTcs KOHCTPYKTOPOM Kjlacca, IIPUHUMANOWUM B Ka-
YyecTBe ITapaMeTPOB 3HAUEHNE YUNCIUTENA U 3HAMeHaTenNs, Halpumep:
var a:=new Fraction(24243,745347);

[TockonbKy mapameTpaMu IIPU BbI30BE KOHCTPYKTOPA AOJLKHBI

ObITb 3HAYEHUA TUIA BigInteger, d KOHCTAHTbLI TaKOI'O TWIIA B
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PascaslABC.Net 3.2 He mpefyCcMOTpeHbl, A1 YUCEJl, B 3alIUCU KOTOPLIX

ucronb3yerca 6onee 19 undp MPUXOOUTCA UCIIONL30BATb CTPOKOBOE

IIpeCTaBJleHNe C TOCeAYI0OLUM ITpeobpa3oBaHUEM

var b:=new Fraction(1,'12345678901234567890123". ToBigInteger)
HekoTopoe pomonHurensHoe yLo6CTBO MIPYU 3aIIUCU 0OLIKHOBEH-

HbIX Apo6eil - KOHCTAHT MOXeT IpenocTaBuTb GyHkuua Frc, xoropas

uMeeT Tpu MopnbuKauum.

function Frc(a:BigInteger):fraction; - npo6s Bupa a/1
function Frc(ab:BigInteger):fraction; - apo6s Bupa a/b
function Frc(ab,c:BigInteger):fraction; - npo6s Buna a+b/c

daKTUUecKu 3TO «0OEPTKU» AR BLI30BA KOHCTPYKTOpA KJacca,
mo3BonsAwolee 60nee KOMOPTHO 3aMUCHIBATD BHIPAKEHUS, COLEPKALNE
HECKOJIbKO 0OLIKHOBEHHBIX LpO6e.

Hampumep, BoipakeHne suaa
34 N 9 351 ><1
197 91 095113 7
3amuwertcs Frc(34,197)+Frc(6,9,91)-Frc(351,95113) *Frc(1,7);

Ecnu BO3HUK BOMPOC TO IOBOAY ONepauui ¢ fpobsmMu — Bce

IIPOCTO: OHU AnA Knacca Fraction meperpyxeHs.

06bekT knacca Fraction umeer pBa cBoOiicTBa — numerator u
denominator, mpepcraBnAommne co60 3HAYEHUA UUCAUTENA U 3HAMe-
HaTens. [Ipobb 10 BO3MOXHOCTU COKpAllleHa, T.e. YUCAUTENb U 3HaMe-

HaTeJlb BCETfA Pa3feeHbl Ha UX Hanbonbunii 06muii fenutens (HOI).

ApudmeTuyeckue omepauum +, -, *, /, a TakXKe OIepaToOpPH +=, -=,

*=W /= eperpyxeHsl U MOTYT UCII0/1b30BATLCA TaKKe B CAYYaAAX, KOrna
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OJVH U3 OIlepaH[0B UMeeT Tul, mpusopamuiica k BigInteger. 3to mo-
3BOJIAET 3aIUCHIBATh omepauuu mo tuny Fre(8/37)*12; uto eme 6onbire

VIPOIllaeT IPOrPaMMUPOBAHNE BLIPAKEHUN.
TakKe MEPErpyKeHsl OMepalun OTHOWIEHUA =, <>, >, >=, <, <=,
Kpome Frc, knacc mpefocrasnser ciefyoumne METOALL:
- Abs — abcontoTHan BenuunHa Apobu;
- Inv — obpaTHas BenuumHa poom;
- Print — BbIBOJ, 3HAUeHUA Apobu B Buge a/b;
- ToReal — mpeo6pa3oBatue apobu k Tumy real;
- ToString — mpeo6pa3oBatune 1pobu k cTpoke Buaa a/b.

[Ipumep MporpaMMUpPOBAHUA BHIPAKEHUA

5 T\ .. (40 8 83 4l )
hm—— )34+ (= —— )20+ [ = — =) 12| x50
9 18 63 21 90 50

var r:=((Frc(5,5,9)-Frc(7,18))/35+(Frc(40,63)-Frc(8,21))/20+
(Frc(83,90)-Frc(41,50))/2) *50;

Knacc moxeT ObITb UCITONbL30BAH AJIA [OCTUXEHUA abCONOTHO
TOYHOCTW B JII00OLIX aAropuTMax, 6asupyommuxca Ha AeACTBUAX apud-
MEeTUKM, TOPOXAAIUWUX TONALKO paunoHanbHble yucna. Hampumep, c ero
TIOMOLLbI0 MOXHO TOYHO HAWTW 0O6pPATHYI MAaTPULY B YCIOBUAX, KOTZA
UCXO[HASA MATpPulia MOYTU BLHIPOXAEHA. JJOCTaTOUYHO NWULIb B3ATD ITPOlLie-
Lypy OoOpalmeHus MaTpullbl U OMUCATb B HEW IMepeMeHHbe Kjacca

Fraction.
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4.4, IIoNMHOMBI € ,eUCTBUTENbHBIMU KO3 DuneHTaMu
4.4.1. Omucanue xnacca Polynom

06BIYHO MTONUHOM U(X) PUHATO 3aIIUCHIBATD B ITOPALKE YObIBA-
HUA cTeneHel, T.e. B Buge P(x) = apx"+...+a;x + 3,

B T0 e BpeMs, 60NbUIMHCTBO aATOPUTMOB [J1sl pabOTHI C IIONN-
HOMaMU UCIIO/Ib3Y10T 0OPATHLIN MTOPALOK 3aIIUCK — B TIOPAAKE BO3pac-
TaHuA cTeneHen: a(x) = ag + a;x+...+a,x"

MIMeHHO TakoW MOPAROK ClefoBaHUA KO3(QPUINEHTOB TONUHOMA
UCIIONb3yeTCs, Harlpumep, B nakerax rnporpamm SSPLIB ¢upmur IBM [3]
n IMSL® pupmut Rogue Software [4]. Ficxons U3 W3J10KEHHOTO BHILIE,
ObI10 PUHATO UCITONIb30BATh TaKOW e MOPALOK Cefl0BaHUA U B MaKe-
te StudLib.

[TonuHoMbl peann3oBaHbl B BUAe knacca Polynom, umeiowmero
IiBa CBOWCTBA:

a — JUHAMUYECKUN MaccuB Tuna real ¢ Ko3gpuumeHTamu MoNNHOMa,
PaCIONI0XKEHHBIMU B TIOPAAKE BO3PACTaHUA CTEIEHU;

Nl — KOJIMYECTBO U/1IEHOB IOJIMHOMA;

€ps — OlleHKa TOYHOCTU ITPU 3KOHOMU3aLUN ITIOINHOMA.

[lna co3pganuAa NOAMHOMA WCIIONB3YIOTCA ABe (OPMBI BBI30BA
KOHCTPYKTOPA Knacca.

BrizoB Bupa new Polynom(k) cosmaer monutom c k unexamu
(t.e. crenmenn k-1) u Bce K03bdULUNEHTH TONMHOMA YCTAHABAUBAET B

3HayeHune 0.0.
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BrisoB new Polinom(ay, ay, ...a;,) CO3aeT MOAUHOM C yKasaH-
HBIMW 3HaueHUAMW Ko3dpduumerTos. BmecTo cnmcka ko3dduuneHTos
MOXHO YKa3aTb AUHAMUUeCKUN MaccuB Tuma real (CM. IpuMepsl B
4.4.2).

I[Tepeuncnum metons knacca Polynom:
Value(x) — Bo3BpawmaeT 3HaueHWe MONUHOMA [ apTYMEHTa X;
Copy - co3paet Komuio obbekTa knacca Polynom;
EconomSym (hlimit:real) — mpoBoanT 3koHOMW3aLMIO TOAUHOMA (4.5.3)
Ha CUMMeTpuyHOM uHTepBane [-h;h] c¢ ommbGkon, He mpeBblmIAtOLEN
limit;
EconomUnsym(h,limit:real) - mpoBOAUT 3KOHOMU3AUUI0 IOAUHOMA
(4.5.3) Ha HecumMeTpuyHOM uHTepBane [0;h] ¢ omwrmbkoW, He mpeBHI-
uratomen limit;
PDif - Bo3Bpamaer k03¢dUINEHTH MONUHOMA, MOAYYeHHOTo audde-
pPeHLMPOBaHUEM UCXOZHOTO;
PInt - Bo3Bpamwaer K03QPUUNEHTH TOAUHOMA, [TOYYEHHOTO IIPU B3A-
TUU HEOIPee/IeHHOT'0 UHTErpaa OT UCXOAHOTO;
Polyx - BO3BpalaeT moanMHOM IIpW 3aMeHe aprymeHTa x Ha at+b (Ha oc-
HOBe anropurma 296 [5]) ;
Print, Println - BbIBOAAT Ha MOHUTOP KO03G(GULUEHTH MOJAUHOMA B
CTPOKY uepe3 mpoben. Println 3aTem obecmeunBaeT nepeBos BHIBOAA Ha
HOBYI0 CTPOKY;
Print(c), Println(c) BMecTo mpobena UCIONb3YIOT pasfenuTens c;

PrintlnBeauty — BLIBOAUT MONMHOM B 60Ji€€ IPUBLIYHOM BUTE.
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[Ipumepst paboTs ¢ knaccom Polynom

1.p(x) = 4x3 + 6.5x*> — 18

var p:=new Polynom(-18, 0, 6.5, 4);

2. Burunenuts ana x=-7.16 sHavenne u(x) = x° + 3.8x% — 6x + 2
var u:=(new Polynom(2, -6, 0, 3.8, 0, 1) ).Value(-7.16);

3. ITomecTTb B p(X) MONUHOM ((X)

var p:=q.Copy;

4. Ina t(x) = —2x* — 3x3 + 12x? — 7x + 1 NONYYUTb

P = [t0dn Ak = v

var t:=new Polynom(1, -7, 12, -3, -2);

var (p,q):=(t.PInt, t.PDif);

p.PrintinBeauty; q.PrintinBeauty;

Byner nonyyex pesynbraT
-0.4x"5-0.75x"4+4x"3-3.5x"2+x
-8x"3-9x72+24%-7

3amuureM pe3ynbTaThl B CTaHAAPTHOW Ghopme:
p(x) = —0.4x> — 0.75x* + 4x3 — 3.5x2 + x + (,
q(x) = —8x3 —9x% + 24x — 7

5.1Ina P(x) = 5x* — 4x? — 3x + 2 cpenaTb 3aMeHy x=2t-3

var p:=new Polynom(2,-3,-4,0,5);
p-Polyx(2,-3).PrintlnBeauty('t");
Pesynbrar

80t"4-480t"3+1064t"2-1038t+380
Be3ycnoBHo, 31ech K03hPULNEHTH MOTYT OBITL U HELIEILIMU UUCTIAMMU.
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4.4.2. llonuHOMMUanbHaa apupmeTnra

K nonunomuanbHov apudmeTuke OTHeCEHbl OIEpaLlun CHOXe-
HWA, BBIUUTAHUA, YMHOXEHUA U leNleHUA [TI0OINHOMOB.

[na cnoxeHws, BEIYUTAHUA U YMHOXEHUA [TOIMHOMOB, a TaKxe
INA Cy4as, KOrfa OfUH U3 ONepaHZ0B ABAAETCA KOHCTAHTOW, COOTBET-
CTBylOWMe apudMeTudeckue omepauuun pna knacca Polynom meperpy-
YEHHI, YTO II03BOMAET 3alINCHIBATL apuPMeTnIeCKue BLIPAKEHUA B IIPU-
BLIYHOM BUje. [leperpyKeHsl TakKe YHAPHBIN MUHYC U OITepalua «=».

[Ipumep:

var a:=new Polynom(6.5,-4,2.12,1);
var b:=new Polynom(3,0,-3.8);
var c:=new Polynom (ArrGen(5,i->i*i+1.0));
(-c +(a-2*b)*a+11.5*(1-b) ).Println;
[leneHue MONUHOMOB BHINONHAETCA IIOCPEACTBOM Ieperpy-

XeHHOW oIlepauuu /, BO3Bpallaiolen KOPTEX U3 ABYX ITOINHOMOB — Ya-
CTHOTO ¥ OCTaTKa. Brruncnum cnepyioumee BhipaxeHue:

2x6 — x>+ 12x3 - 72x* + 3
x34+2x%2 -1
var p:=new Polynom(3,0,-72,12,0,-1,2);
var g:=new Polynom(-1,0,2,1);
var (a,b):=p/q;
a.PrintinBeauty; b.PrintlnBeauty;
Byner nonyyex oTBet

2x"3-5x"2+10x-6 — yacTHOe (IIOJIUHOM a)
-65x”2+10x-3 — ocTaTok (IonuHoM b)
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Pelrerue BHIIMAAUT ClleAy0OLUM 00pa3oM

2x6—x5+12x3—72xz+3_
x3 +2x%2 -1 N

—65x%2 +10x — 3
x3+2x2 -1
Takxe paspellaeTcA AeNuUTb CKANAPHYI BEIWYUHY Ha MHOTO-

2x3 —5x%2 4+ 10x— 6 +

YjleH U MHOTOYJIEH JIe/IUTb Ha CKAJAPHYI0 BeNUYNHY. B mepBoM cnyyae
BO3BpalaeTca Koprex Tuma (real, Polynom), rae mepsbiii 31€MeHT — 3TO
yacTHoe (COOCTBEHHO, UCXOAHAA CKaApHAA BeIMUNHA), 2 BTOPOX — OC-
TATOK, T.e. PaKTUYeCKu MHOTOUNEH-fenuTenb. Bo BTopom cnyyae Bo3-
BpalllaeTCs MHOTOUYJIEH

var p:=new Polynom(3,0,-72,12,0,-6,12);
var (a,b):=7/p;
Write(a,’, '); b.PrintinBeauty;
b:=p/3; b.PrintinBeauty;
PesynbraTht
7, 12x76-6x"5+12x"3-72x"2+3
4x"6-23x"5+4x"3-24x"2+1
Bo3BepeHune MonuMHOMa B HATYPaNbHYIO CTENEHb BLITONHAETCA

YMHOXEeHNeM:

var p:=new Polynom(-4.2,3.7,6,2.1);
(p*p*p).PrintinBeauty;
Pesynbrar

9.261x"9+79.38x"8+275.751x"7+440.154%x"6+168.327x"5-
402.984x"4-397.655%x"3+145.026x"2+195.804x-74.088
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4.4.3. Kopaun nmonunomos. Omepauuu ¢ NoinHOMaMu

/3 OCHOBHOW TEOpEeMbl anreOpHl CeAyeT, UTO eClAU IOINHOM
P(x) nmeer cremeHb n, To ypaBHeHUe P(x)=0 uMeeT pOBHO N KOpHei,
CPeAV KOTOPHIX MOTYT OLITb KaK AEWCTBUTEJIbHLIE KOPHW, TaK W Iapht
KOMITJIeKCHO-COTIPSUKEHHBIX. CYllecTByeT Z0CTATOMHO 0OUIMPHOE KONU-
YeCTBO aJIFCOPUTMOB HAXOXeHUA KOpHEeW oNuHoMoB. OgHUM U3 peanu-
3auMit TaKUX aNTOPUTMOB CyXuUT MmeTog HuioToHa-Padcona.

4.4.3.1. Haxox0eHue 8cex KOpHel NONUHOMA C

delicmgumenvHbiMU KO3 duyuenmamu memodom HoiomonHa —
Paghcona (PolRt)

Knacc PolRt Buimonnen Ha ocHoe mopmporpammst DPOLRT [3],
HamMcaHHOW Ha a3bike Fortran. Henb3a ucnonb3osaTh ero npu CTeleHn
MIOJIMHOMA N>36 13-3a OINO0K OKPYTJIeHUs, BO3HUKAIUX B MALIUHHON
apudMeTuKe C IuaBawlen TOUKONn.

Meropn Huiorona-PadcorHa — 3To ppyroe HasBaHWe UTepPaLUOH-
HOTO METOJ3, U3BECTHOTO KaK «METOJ KaCaTebHbIX».

Twuroso# BLI30B:
var p := new Polynom (ko3¢ guyuenmsl no Bo3pacmaHuio cmeneHu)
var oL := new PolRt(p);

[lanee cnepyer mpoBepuUTL CBOWCTBO OL.ier Ans oleHKU pe3yiib-
TaTOB PelLIeHUA:

0 — ournboK He HAWLEHO;
1 — HeLOCTAaTOYHO 3/1eMEHTOB A1l IOCTPOEHUA ITIOJIUHOMA;

2 — CTeIleHb I0JINHOMA ITpeBLIIaeT 36;
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3 - He yAa10Ch LOCTUTHYTH ITPUEMJIEMOT TOYHOCTU 3a 500 1maros;
4 — K03bGUINEeHT IIpU CTapuIen CTelleHU II0ANHOMA HyJ1eBON.

[Ipn momommn MmeToma Value monyvyaeM AMHAMUUECKUIA MaCCUB
TUIa complex, COAEPKAUUA UCKOMBIE KOPHU:

var r:=oL.Value
[Ipumep

x> — 5x* — 38x3 + 294x? — 283x — 609 = 0
var p := new Polynom(-609, -283 ,294, -38, -5,1);
var oL := new PolRt(p);
if oL.ier=0 then oL.Value.Printin
else Writeln (‘Owubxka: ier=',0L.ier);
Brin monyyen pesynvrar (-1,0) (3,0) (-7,0) (5,-2) (5,2) — Hanpe-

HbI BCe MATb KOPHEN ypaBHeHUA: -1, 3, -7, 5-2i, 5+21i.

Knacc PolRt MOXHO Takxe WUCIONb30BaTb [ PA3IOKEHUA IIO-
JMHOMA Ha MHOXWUTENW, IIPUPaBHAB €ro Hyn0. B ganHoM cnyvae nonu-
HOM MOXET ObITb PELICTaBEeH B BULE

x+DE-3)EE+7)(-5-2)x—-5+2i)
Ecnu KOMIUIEKCHBIE UNCA B MPECTaBleHUN HELIOMYCTUMSI, 10C-

TATOYHO ITONIAPHO MIEPEMHOXUTb 3JIEMEHTHI, COLEPKAllNe KOMIUIEKCHO-
.2
COIPS)KEHHbIE KOPHU U He 3abbiBas, 4To i =-1:

x+1DE-3)x+7)(x* —10x + 29)
B TO e BpeMs, eCiu HYKHO PasjloXWUTb MOJIMHOM Ha paluo-

HaJbHbLIE JIMHEWHbLIE MHOXWUTENW, y,u,o6Hee BOCITOJ1b30BATbCA KJ1aCCOM

Factors, omucanHbIM HUXe.
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4.4.3.2. PasnoxeHue NoAUHOMA C UeNOYUCTIeHHbIMU
Ko3guyuenmamu Ha payuoHanbHble NUHElUHble MHOXXUumenu
(Factors)

Knacc Factors BbimonHeH Ha ocHoBe mpouenypst factors [6],
omy6nnkoBaHHON! Ha A3bike Algol-60. OH m03BONAET HAXOAUTDH B pasfo-
XEHUU ITOJIMHOMA MHOXUTENU BUAA PX-Q, TAe P, — Lensie uucna. Anro-
putM 6asupyerca Ha cxeme ['opHepa.

IlycTb UMeeTCAA HEKOTOPLIN ITONIMHOM C L1eJI0YUCIEHHBIMU K03 -
puunentamn P(x) = apx™ + a;x* 1+...+a,_x + a,

/I3BeCTHO, YTO €CNU HEKOTOPOe 1eJ10€ YUCTIO0 P CIAYXWUT KOPHEM

nonuHoMa P(x), To p 6yaer fenurenem cBoOOLHOrO ujeHa 3TOTO MONU-

HOMa. ANTOPUTM HAaXOAMT BCE JIeNIUTENU P CBOOOLHOTO UleHa a_ 1 BCe

nenuTenu q KosbphuiumnenTta npyn cTapueii CTenenu a,.

/I3 Ka)X[on mapsl COCTaBAAETCA MOHOM (PX-qQ) U ITPOBEPAETCA, He
ABNIAETCA MU OH MHOXWUTeneM nonuxoma P(x). Ecnu mposepka nokaswr-
BAET IOJIOXUTENIbHbIN Pe3yJbTaT, BLITONHAETCA AeneHune P(x) Ha (px-q)
W QNTOPUTM ITPUMEHSAETCA K TIONYYEHHOMY YaCTHOMY.

[Tpn co3panuu knacca Factors koagdpuumenTs monmHoma nomx-
Hbl 33/laBaTbhCA B IOPAAKe Bo3pacTaHua crerneHu. Merop Factorize ans
ITOJIVHOMA CTeIleHU N BO3BpalllaeT MaccuB pasmepa [m+1,2]. Ero mepsas
CTpPOKa cayxebHas u comepxut B 3nemerTe [0,0] KonuyecTBo HanzeH-
HbIX JIMHEWHBIX MHOXWUTeNel m, a B 3nemeHTe [0,1] - MakCUManbHbI

Haubonbuni 06muii fenurens K03hGOUUNEHTOB MIONUHOMA B Pa3jloxe-
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muu. Kaxpaa mocnepyomas i-a cTpoka conepsut Ko3bGuimnenTst MHO-
wurens: [1,0]=p, [11]=q

B cnyuae, ecnv cBOGOAHbIN YileH MOAUHOMA HY/IEBOW, IIpeaBapu-
TENbHO CJIe[lyeT BLIHECTU apTyMEeHT 3a CKOGKY U TPON3BOAUTD MOUCK B
OCTaBLIEMCA TIOIMHOME C HEHY/eBLIM CBOOOJHLIM YleHOM. B mpoTus-
HOM C/1yyae pasnoXeHue He 6yaeT HanzeHo.

lpusenem npumep. Iycts P(x) = —42x3 + 73x% + 7x — 20

3armuieM GpparMeHT MPOrpaMMbl Aijls PasloeHns MoANHOMa.

var oL:=new Factors(-20, 7, 73, -42);
var r:=oL.Factorize;

Write('k:=,r[0,1]);

for var i:=1 to r[0,0] do r.Row(i).Print;

Pesynvrar: ki=-1; 2-1; 35; 74

AHanu3 moxasbiBaeT, UTO MOJUHOM TPETLEN CTEIIEHU PA3JI0KWIL-
CA Ha TPU MOHOMa, T.€. ITONIHOCTb10. TOTAia MOXHO 3aITUCaTb PA3jl0XKeHUe
BBUge P(x) = —(2x+1)(3x — 5)(7x — 4)

3HaK MUHYC — 3T0 K03 duumenT k. A nanee K KaXaoMmy nepBomy
3HAYEHWUI0 PUMTUCLIBAEM X, BTOPOe OepeM C 00paTHLIM 3HAKOM.

PaccMoTpum eme ogun npumep.

P(x) = 6x* — x3 —52x% — 12x + 45
var oL:=new Factors (45, -12,-52, -1, 6);
var r:=oL.Factorize;

Writeln('k:=,r[0,1]);

forvar i:=1tor[0,0] do r.Row(i).Printin;

Pesynbrat: k:=1; 13; 2-5
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B pasnoxeHUn MPUCYTCTBYIOT TONLKO }BA MOHOMA, A He YeTLIpE,
MO3TOMY ITOJIMHOM ITONIHOCTbIO He PACKJafblBaeTCs, T.e. ero OCTajlbHbIe
MHOXWTENU He ABNATCA LeNbIMU YnciaMu. HaiijeHo nuurb yacTuuHoe
pasnoxenue (x — 3)(2x + 5)

IIpu XenaHuu MONYYUTb TTOJIHOE PA3NI0KEHUE ITONNHOMA MOXHO
BOCITI0/1b30BAThCA MONUHOMUANLHON apudmeTnkon (4.4.2):

var a:=new Polynom(45,-12,-52,-1,6);
var r:=a/(new Polynom(-3,1) *(new Polynom(5,2)));
r[0].PrintinBeauty; r[1].PrintinBeauty

Pesynvrar: 3x*2+x-3; 0

Oxonyvarenso P(x) = (x —3)(2x + 5)(3x% + x — 3)

MoHO IMOIBITATHCA UCIIONb30BATb AJA PA3NIOKEHUA IOAUHOMA
Mmertop, PolRt u3 4.4.3.1:

var oP:=new Polynom (45,-12,-52,-1,6);
var oL:=new PolRt(oP);
oL.Value.Println;

Pesynbrar

(0.847127088383037,0) (-1.18046042171637,0) (-2.5,0) (3,0)
Bce YETbIPE KOPHA ﬂeﬁCTBMTeﬂbeIe. I[Ba IEPBLIX N3 HUX CKOpPEE

BCETO0 He ABJIATCA PALlMOHAJILHLIMW, OCTAJIbHLIE [1BA AAIOT Pa3jloKeHNe
(x+25)x—-3)=052x+5)(x—3)

JIns monyvyeHus MOHOTO Pa3/loKEHUA U TYT MIPUAETCSA BOCIIOJb-
30BaThCA MTOJIMHOMUAILHOW apUPMETUKOI, TaK UTO BHIOOP MEPBUYHOTO

UYNCJIEHHOI'0 METOld OCTAETCA 34 IT0JIb30BATEJIEM.
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4.5, 0pHOMEpHaA UHTEPIONALUA U ANIMIPOKCUMALUA AAHHDIX,
3aJlaHHbIX B TA6NUYHOM BUAE

IlycTb uMeeTca Hekui Habop 3HaveHun x u y, rae y=f(x), T.e.
KQXAOMY X IIOCTaB€HO B COOTBETCTBUE HEKOTOPOE VY, NPUYEM CBA3b
MEeXAy X, V HaM 1160 Heu3BeCTHa, MO0 U3BECTHA, HO OUEHb CJIOXKHa.
TaKyto CBA3b TPOCTO U YA00HO 0TOOPAXKATL B TAOAUYHOM BUTE.

Ecnu TpebyeTca monyunTb 3Havenus y=f(x) ana sHauenun x, ot-
CYTCTBYIOWIMX B Tabnuile, BO3HUKAET 3aflaya 3aMeHbBl 3aBUCUMOCTU
y=f(x) HekoTOpPO MPUONVKEHHON C 3a,aHHON CTEIeHbI0 TOYHOCTU 3a-
BUCUMOCTbI0 Yy = ¢p(x) TaK, YTOOBI OTKI0HEHME MPUONUKEHHBIX 3HAYe-
HU OT UCTUHHBIX ObUI0 MUHUMAJbLHLIM Ha BCEM 33laHHOM UHTEpBAJE.
Takas 3aziaya Ha3bIBAETCA 3af,auent alpoKCUMaLUN.

[TockonbKy MpubOAMKEHUE BLIMONHAETCA Ha HEKOTOPOM Habope
UCXOAHBIX TOYEK, allITPOKCUMALUA HA3LIBAETCA TOYEYHOM.

CymecTByeT OTAeNbHAA PAa3HOBUAHOCTb alMPOKCUMALUU — UH-
TEPIONALNS, KOTOpas TpeOyeT, YTOOLl BO BCEX UCXOAHBIX TOYKAX X = X;
BBIMIONHANOCL yenoBue ¢(x;) = f(x;) = y;

B 3TOM Cnyyae UCXOfHLIE TOYKW HOCAT Ha3BaHWE Y3710B UHTEP-
MONALUN U MOXHO NIPUBEAEHHOE BhIlIE YCN0BUE CHOPMYAUPOBATH UHA-
ye: 3HAUEHWE AMIPOKCUMUPYIOLEN QYHKIUWU B Y37aX WUHTEPIONALUN
LLOJLKHO COBITAZIATh C UCXOAHLIM.

Camoe oyeBUAHOE pelIeHWe COCTOUT B TOM, YTOOLI Ans Habopa
U3 N Y3J10B UHTEPIONALUN MOCTPOUTL MOJAUHOM cTerenu n-1. X oxo
NeCTBUTENILHO UMEETCA B apCeHajle YNCJIEHHBIX METOJ0B.

¢(x) =P,(x) =ay+a;x + ax*+ _+a,x™ m=12,.n—-1
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K coxanenuio, Teopus u MpPaKTUKA LOKA3LIBAWOT, UTO TaKoe pe-
LIeHWe OKA3bIBAETCA 0UeHb IJI0XUM s n>10.

Hnrepnionupyomas GyHKUUA MOXET ObITb ITOCTPOEHA [J1l BCETO
Habopa y3710B UHTEPIONALUN, NGO CTPOUTLCA OTAENbHO A Pa3sAny-
HbIX TIOAMHOXECTB 3TOr0 Habopa. B mepBoM cnyvae uHTepmonAuma Ha-
3bIBAETCA IJ100a1bHOM, BO BTOPOM — KYCOUHOW (J10KaNbHOM).

Eule ofHa BhITEKAOWAA U3 UHTEPIIONALNUMU 3afia¥a — 3TO KCTpa-
MONALMA, TTPU KOTOPOi 3HAUEHUs apTyMeHTa BLIXOZAT 33 IPefesibl OT-
pe3Ka, 3a,aHHOT0 HabOPOM Y3710B MHTEPIIONALNY.

Ha mpakTuke BCTpevaeTcs U Apyras 3ajavya — COOCTBEHHO arl-
MIPOKCUMALWA, IPU  pPEUIeHUU KOTOPOW  BLIMOJHEHUE  YCI0BUA
¢(x1) = f(x;) = y; He Tpebyerca.

Hampumep, ucxopHble 3HAUEHUA MOTAU OBITb TONAYYEHHI B pe-
3y/bTaTe 00PabOTKW NAHHLIX HEKOTOPOTO HKCIIEPUMEHTA WM IIPU ITPO-
BEIEHUU KaKNX-TO U3MEPEHMUIA, T.e. IO OIPEfe/IeHUI0 MOTIN COLEPXKATD
HEeKOTOpble MOTPeIIHOCTU. Pelras 3aaqy MHTepIonAunm, Mul GakTuye-
CKW ToTpe6yeM MOBTOPATb IPU BLIYMCIEHUW 3TU XKe OLIUOKYW, YTO Iu-
LIEHO MPAKTUYEeCcKOro cMmbicna. ['opaspo monesHee Tpeb6oBaTb, UTOOLL
anmpoKcuMmUpyloman GyHkuus obecneynBana HeOOXOAUMYO TOUHOCTb
TIPUONMKEHUA HE TONLKO B Y3/1aX, HO U MEXAY HUMU.

MoxHO BbHIOMPATL PA3NUYHBIE KPUTEPUU TOYHOCTU NPUOIMNKE-
HUs, HO Ha TPaKTUKe HaboJbliiee PACIpOCTPAHEHWE IONYYWIL METOf

HauMeHbmux kBagparos (MHK).
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n
5= [b(x) = yiI? > min
i=1

BmecTo KBappara pasHOCTU MOXHO ObUIO OBI, HAIIPUMep, B3ATb
MOLyNb Pa3HOCTW, HO MOAY/Ib — 3TO KyCOYHAaA (QYHKUUA, KOTOpaa 3a-
TPYAHAET MaTeMaTU4eCKue BLIKNaAKU.

MoxHOo BbIOMpPATL B KAavyecTBe aNIMpPOKCUMUPYIOLMUX (PyHKIUU
CaMOT0 Pa3HOTO BUAA, a TaKXe UX KoMOuHauuu. Ha mpakTuke vacro
CTPOAT TPaduUyueCcKyt0 3aBUCUMOCTb C TEM, YTOOHI IO BUAY KPUBOW BHI-
Oparb BuA GyHKuuU. CylwecTByeT ammpoKCUMaLWsA MOJAUHOMaMW pas-
JIMYHBIX CTeIeHel (HauyuHas OT NepBoil, T.e. IIPAMON InHUelL), mapabo-
71aMu, TUIIep60o1aMu, CTEIIEHHBIMY, SKCIIOHEHIIMAIbHEIMU U IoTapudMu-
YeCKUMU KPUBLIMU, PALIMOHANBHEIMU QYHKUMAMK B POpPMe OTHOLIEHUEM
[IOJIMHOMOB, TPUTOHOMETPUYECKUMU GYHKUUAMU U T. 1.

JlarpaHX mpeasioxun BHIIONHATD ANITPOKCUMALUNIO TIONMHOMaMU
l;, kaxnpiii M3 KOTOPHIX Ha yyacTke [0;1] o6pamaerca B eguuuiy ans

3aJdaHHOTI'O y3Jla N IIPUHUMAET 3HAYEHUE HOJ1b B OCTAJ1bHbLIX Y3J1aX.

n
LucaGe) = ) LGy,
i=1
Ecnu HanoXuTb [OMONHUTENbHOE TpeboBaHUE PaBEHCTBA B V3-
71aX 3HAYEeHUA BLIYUCIAEHHOWN MEPBOW ITPOU3BOAHON 3HAUEHUIO IEPBOW

ITPOU3BOAHON UCXOZHON TabNUYHON GQYHKLUY, MOJAYIUM AIMPOKCUMA-

1IN0 IMoJINHOMaMu 3pMMTa.
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CywecTByeT Takxe UHOW CI0c06 MOCTPOEHUA UHTEPIONALNOH-
HOT'0 MONUHOMA, ITpefloXeHHbN Hbl0TOHOM, KOTOPbI B pe3yibTaTe Aa-
€T TOT Xe CaMbIl IIOJIMHOM, UTO U crocob Jlarpatxa.

3aMeHa UHTepBaJla ONpeiesleHns onnHoMa [a;b] Ha Tpebyembiit
unTepsan [0;1] wan [-1;1] mpousBOAUTCA MyTEM HECI0XKHOTO Ipeobpa-
30BaHus, Harpumep, ana l € [a;b] = [-1;1]

l(x)=2x;(_b:a)

Ha mpaxkTuke monb3oBaThCA UHTEPIONALNOHHLIMU ITIOINHOMAMU
Jlarpatxa Heyp00HO, MOCKONLKY BHE Y3710B OHW JLAOT OYeHb II0XO0e
mpuonuxermne GyHKIUM.

I[I.JI.YebrueB mokasan, YTO Hauayulled pe3yabTaT aIlpPOKCU-
mauuu mo MHK pocturaercs, ecnm ommbka paBHOMEPHO pacIipezeneHa
II0 BCEMY MHTepBany onpepenenuns GyHkumn. OH Mpeanoxun ucronb-
30BaTh /1A ANIPOKCUMALUN HAOOD MOIMHOMOB CITELUANBHOTO BULA

T,,(x) = cos(narccosx), n=0,1,2..., x € [-1;1]
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4.5.1. UHTepnonAuua TabnuuHomn GyHKUun Kyonueckum
cninanHoM (Spline)

3ajava OfHOMEpHOW WHTepmonAuuu Habopa n Touek P(xy) c
BEl}eCTBEHHLIMW KOOPAMHATAMU CBOLUTCA K IIOCTPOEHWUI0 HEKOTOPOW
dyukumm F(x), pna xoropoit F(x;) = y; And BceX N TOYEK U ITPU ITOM B
ITPOMEXYTKAX MEXAY TOUYKaMU QYHKIUA IPUHUMAET HEKNE «PA3YMHLIE
3HaueHus» [1].

Cunraercs, uyro ecnu pyHKUMA F(X) rnapkas n BEIYUCIIEHHbIE IO
HeW 3HAYeHUs He IPeBLINIAT [O0MYCTUMOW OWIMOKW, 33afava UMeeT
VIOBJIETBOPUTEJILHOE pelIeHune.

Ecnu Habop Touex P(xy) He 3aurymieH owMbKamu, TO UHTEPIIO-
NANUA TNAfKON QYHKLUMEW YMeCTHa. B TPOTUBHOM cnyyae UCIIOAbL3YIOT-
CA MPUEMBI, HEUTPANU3YIoLNe LIYM.

MaTeMatuku 0060Xat0T, Korga (QyHKLUA MOXKET ObITb [ABAMILI
mnddepeHumpyemMa u pu 3TOM He BHIPOAUTCA B HOJb WAU UHYI0 KOH-
CTQHTY, I03TOMY MUHWUMaJIbHAA CTeIleHb UHTEPIIONALNOHHOTO TTIONUHO-
Ma paBHa TPeM U OH OYZeT IPOXOAUTb Yepe3 YeTHIPe UCXOLHLIE TOYKU.
Kybuueckuit monnHoM — 3T0 camas rnankas GyHkuus, obnazjawman He-
00XOIUMBIMU A1l UHTEPIIONALUMN CcBOVicTBaMU. Ho Beib Touek 06LIYHO
Kyna 6osblie, YeM YeTsIpe. ..

C npyroit CTOPOHSI, C APEBHUX BPEMEH U3BECTEH YEPTEXHbIA UH-
CTPYMEHT, Ha3bIBAEMBbIN NleKano. OH IT03BONAET IJ1alKO COEAUHUTL MHO-
)KEeCTBO TOMYEK, HAHECEHHHIX Ha IOCKOCTb. CyTb UCIIONbL3YEMOTO ITpue-

Ma B TOM, YTOOBI COEAVNHATDb TOYKU INHUEN TI0 ABE-TPWU, ITIOCTEITEHHO I1e-
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peMelas neKano BAOAb 33[laHHBIX TOUeK. AHTIMIICKUE YePTEeXHUKN Ha-
3bIBaJIN CIUIAWHOM TUOKYI0 META/INYeCKyl0 JIUHEWKY, KOTOPYH OHU
WUCIIONb30BaNU A COEAUHEHUA TOUeK Ha JepTexe IUIaBHOW KPUBOW,
bakTUyecku npoBofs MHTepIonauui. «Ckonb3amue» Kybudeckue mo-
JIMHOMBI TaKKe MONYYWIN Ha3BaHUE KYOUUEeCKUX CIIanH-QyHKUWIA uin
IIPOCTO CIUIANHOB.

[TocKONbKY CIIaiH — 3TO KYOUYECKUI TIONUHOM, T.€.

y = F(x) = ax® + bx* + cx + d,
y' = F'(x) = 3ax? + 2bx + ¢, y"=F"(x) = 6ax + 2b,
TO MOXHO JIeTKO HailTW TIepPBYI0 U BTOPYIO IIPOU3BOLHYI0 OT TabNUIHO

3aaHHOV GYHKUUN.

B makere umeercs knacc Spline, mo3BonA0WNNA BLIIIONHUTb UH-
TEPIONALUMNIO KyOUYECKUM crinainHoM. OH ABNAETCA pe3ylbTaToM Iepe-
paboTku mporpamm SPLINE u SEVAL [1], HarmucanHbIX Ha a3bike Fortran.

BcriomorarenbHbin knacc Point peannsyeT TOYKY C KOOpAUHATA-
mu X,y ™una real. Knacc Spline B cBoeM cBovicTBe P XpaHUT BeKTOp KO-
OPIVHAT UCXOLHBIX TOUeK (Y3710B MHTEepImonauun) knacca Point.

MoHO peKOMeHZ0BaTb CNefyloWuii ITOPALOK IMPOBELEHUA WUH-
TEPIONALNUN
- CO371aTb BEKTOP UCXOAHLIX TOUEK, HAITPUMED, CIeAYI0INUM 00Pa30M.

var f:=x->(3*x-8)/(8*x-4.1);
var pt:=Partition(1.0,10.0,18).Select(x->new Point(x,f(x))).ToArray;
- co3paTb 00bEKT Knacca Spline, MpU 3TOM KOHCTPYKTOP aBTOMATUYECKN

Bbi30BeT MeTop MakeSpline, Bbruncastommuin ko3gduuneHrTs crinanHa

var Sp:=new Spline(pt);
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- O TIOAYYEHUA 3HAYEHWUS CIUlaiHa B HY)XXHOW TOYKe X WUCII0J1b30BaTb
merop Value
var r:=Sp.Value(x);

Mertop Diff Bo3Bpauaer KopTex u3 MepPBOl U BTOPON MTPOU3BOJ-
HbIX B YKa3aHHOW TOYKe
var (d1,d2):=Sp.Diff(x);

4.5.2. Anmpokcumauua TabnuuHon GyHKLUN MONMHOMAMU
YebbInieBa Mo MeToAy HauMeHbUIUX KBaApaToB (ApproxCheb)

Pe3ynbTar anmpokcumanuuu monavHoMamu YebbiuieBa € IEPBOTO
B3I/l HECKOJIbKO HEIPUBLIYEH: Mbl HE MOXeM 3amucaTb yAo0Hyo Ans
BBIYUCIIEHUA AMIPOKCUMUPYIOWYI0 (QYHKUWIO, IOCKONLKY I0Ny4YaeM
TOJbKO €€ 3HaUeHUe, BLIUUCIEHHOE B 3a[laHHLIX TOYKax. B cBA3u ¢ 3TuM
Iocne amnmpoKCUMauuu MPOBOAAT AOIOJAHUTENbHLIN 3TAIl IMONYYeHUA
K03bbULNEHTOB AlIIPOKCUMUPYIOLLETO ITOIMHOMA B OOLIYHOM €ro BUze
P(x). Takyto omepaunio MOXHO IPOBECTY, HAIPUMeP, IIOCTPOUB UHTEP-
MIONALNVOHHBIV ITOIMHOM II0 HEKOTOPOMY ITOAMHOXECTBY I0lyYeHHHIX B
pe3ynbTaTe almpoKCUMalUWUu 3HaueHUn. Cnenyer 3aMeTUTh, YTO CIIOCO6
nonyyenus Ko3p@uumeHTOB MONMHOMA He UMeeT 3HAUEHUA — MOXET
OBITb TOCTPOEH KAaHOHWYECKUIA TIOIMHOM, UCII0J1b30BaHa UHTEPIIONALU-
OHHaa cxeMma Jlarparxa win HbloTOHA U T.[,., HO KOHEYHLIN pe3yibTaT
He u3MeHuTcA. B caMoM fiene, yepes n+1 TOUKY MOXET IMPOWUTU TONBKO
€IMHCTBEHHLIN ITOJIMHOM CTeIleHU N.

B 1enax MoOHWXEHUA CTemeHn MONYIYEeHHOTr0 TOAUHOMA (TP He-
KOTOPDOM ITPUEMJIEMOM CHWXEHWWU TOYHOCTW AIIPOKCUMALUU) MOXHO

TIOIMLITATbCA ITPOBECTU OIlEPALINI0 SKOHOMU3ALUN.
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CnepnyeT yyecTb, YTO alIpOKCUMAUMA IIPOBOAUTCA JJ1A UMeElo-
eiics COBOKYITHOCTU TOYEK, 0OBIYHO IOIYYAEMBIX KCIIEPUMEHTAIbHO,
I03TOMY OECCMBICIEHHO 3afjaBaTb BLICOKME TpPeOOBaHUA K TOYHOCTMU
II0JlyYaeMoro pesynbraTta. Ha mmpakTuke 4acTo orpaHUYMBAOTCA 3HAVe-
HUAMU TOYHOCTU IOPAAKA HECKONbKUX ITPOLEHTOB OT BEAWYMHLL all-
IIPOKCUMUPYEMLIX 3HAUEHUM.

CymecTByeT Takke 3ajava amImpokCcuMauuu mnonuHoMamu Ye-
ObllIeBa CNOXHOW (QYHKUMUMW, MPEACTABEHHON B aHAUTUYECKOM BUJE
(HampuMep, 3aMeHa pas3noxeHua QYHKUUU B CTENEHHOW PAL), C LeNblo
€€ ympoueHus U TOTAa TpeboBaHWUA K BEAUYUHE IOTPEUTHOCTU MOTYT
ObITL BECbMA BLICOKUMMU. [INA penieHuA Takow 3afaun UCIIONb3yeTcs Co-
BCEM JipyI'Oil aNropuTM.

Knacc ChebApprox BhimonHeH Ha 6a3e aBTOPCKOW IPOIPAMMLL,
KoTopas 6bula peann3oBaHa Ha A3bike Anron-60 IBM «M-222» B KoHle
70-X TOn0B IIPOUINOTO CTONETUA, I03TOMY UCTOUHUK aNrOPUTMA, K CO-
XaneHuo, yTpaveH.

VICTOYHUKOM HAHHBIX CAYXKUT TabnuyHaa QYHKUUA; apryMeHTHI
XPAHATCA B MAaCCUBE «X», COOTBETCTBYIOINE UM 3HAYEeHUA QYHKIUN — B
MaccuBe «y». 3HaueHUA QYHKUUU ITOCe AINIIPOKCUMAalumn IIOMelaloTcs
B MaccuB «f». [Ina mpoBefeHUA amIIPOKCUMALWUU LOCTATOYHO CO3LAThb
00bEKT AHHOT'O KJacCa, OMPefesiNB XKelaeMyto MOrpeurHocTb «ey. He-
06x0aUMasn i [OCTWXKEHUS 33alaHHOW ITOTPELIHOCTU CTeIeHb ITOJIMHO-
Ma «I» ompezenserca aBTromarudecku. Meronom MakeCoef mMoxHo Immo-

NYYNUTb KO3PPUIUEHTH ITOANHOMA B MaccuBe «c» [7].
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IIpu HEO6XOLUMOCTW UHTEPIIONALUN TIOCPEACTBOM LAHHOTO IIO-
JIMHOMa, LOCTATOYHO OMpenennuTb 00beKT knacca Polynom (4.3.1) Ha
0CHOBE MaCCUBA «C» U BOCIIO/b30BaThCsA MeTonoM Value:
var oP:=new Polynom(c);

Writeln(oP.Value(x));

[Ipumep 1.

Ilycts 3apana Tabnnunas GyHKUMA B BUAe Habopa U3 aBeHaaLa-
TU TOYEK C apryMeHTaMu -2, -1.75, -1.5, ... 0.75. Toukn He 06A3aTeNbHO
LOJUKHBL OLITb PAaBHOOTCTOAWUMU, HO TaK IpOLle IMOAYYUTb HYKHLIE
3HaueHuA. Ilonyuum 3HaueHUA GYHKLUMU C TIOMOLbIO IONAMHOMA
y(x) = 2x — 5x? + 8x3 - 3apaveit GyneT pasbicKaTh 3TU KO3DGULINEHTHL

var e:=0.1; // oueHKa nozpewHocmu
var x:=ArrGen(12,i->0.25*1-2); x.Println;
var y:=x.Select(z->2*z-5*Sqr(z)+8*z*Sqr(z) ). ToArray; y.Printin;
var oC:=new ApproxCheb(x,y,e);
oC.f.Println; // annpokxcumuposaHHble 3HAUEHUA
Printin(oC.r,0C.tol); // npednazaemas cmeneHb NONUHOMA U BbIYUC-
JIeHHAA NO2PeUHOCMb
oC.MakeCoef;
oC.c.Printin;
PesynbraT paboTh MPOrpaMMb

AprymeHTHl

-2-1.75-1.5-1.25-1-0.75-0.5-0.250 0.25 0.5 0.75
WcxopHble 3HaYeHus GyHKLUK

-88 -61.6875 -41.25 -25.9375 -15 -7.6875 -3.25 -0.9375 0 0.3125 0.75
2.0625
ANIIpoKCUMUPOBAHHEIE 3HAYEHUA QYHKLUY

-88 -61.6875 -41.25 -25.9375 -15 -7.6875 -3.25 -0.937500000000007
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-7.105427357601E-15 0.312499999999996 0.750000000000002
2.06250000000001
PexoMeHnpoBaHHasa cTemneHb ITOJIMHOMA U OLleHKA OTK10HEHUN

38.6662716579557E-15
PexomenpoBanHbe K03)ULUNEHTH TONMHOMA

-2.41584530158434E-13 1.99999999999966 -5.00000000000011 8
C oueHb BLICOKOW CTEIEHbI0 TOYHOCTU BHIUWUCIEHHbIE KO3bu-

LIUEeHTHI COBMAAA0T ¢ ucxopuuimu (0, 2, -5, 8).

[Tpumep 2.
Temepb 3aUIyMMM BBIUMCJIEHHBIE B IIPeAbIAyLlEM ITPUMEpe 3Ha-
yeHUs QYHKLUU HEOONbLUION CIYYAaNHOW IIOTPELUIHOCTHIO.
var e:=0.05;
var x:=ArrGen(12,1->0.25*1-2); x.Println;
var y:=x.Select(z->2*z-5*Sqr(z)+8*z*Sqr(z) ). ToArray; y.Printin;
y.Transform(t->t*(1+Random(1,100)/1e5)); y.Println;
var oC:=new ApproxCheb(x,y,e);
var f:=oC.f.Println;
Printin(oC.r,0C.tol);

oC.MakeCoef;
oC.c.Println;

PesynbTar paboThl TpoOrpaMMmbt
AprymeHTHl

-2-1.75-1.5-1.25-1-0.75-0.5-0.25 0 0.25 0.5 0.75
HcxopHble 3HaYeHUA QyHKUUN

-88 -61.6875 -41.25 -25.9375 -15 -7.6875 -3.25 -0.9375 0 0.3125 0.75
2.0625
3aurymneHHble UCXOAHbIE 3HaYeHUA QYHKLUK

-88.04136 -61.728830625 -41.272275 -25.948653125 -15.0072
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-7.69165125 -3.25234 -0.93785625 0 0.312696875 0.7507425
2.0639025
AnmpokcuMupoBaHHble 3HaueHUA QYHKLUN

-88.0459145238095 -61.7203951856477 -41.2725426731602
-25.9520527939422 -15.0086213555888 -7.69194416569542
-3.25171703185703 -0.937635761668894 0.000603837273823515
0.313305957375947 0.75077479104228 2.06331453067765
PeKOMeHII,OBaHHaﬂ CTeIleHb ITOJINHOMA U OlleHKa OTKI0HEHUN

30.00312111328025948
PexomenpoBanHbie K03GOULNEHTH TONUHOMA

0.000603837274967489 2.00168064315528 -5.00429983072348
8.003244718985
[TortpobyeM HaTu 3HaYeHne yHKLUMN B TOuKe X=0.45

var oP:=new Polynom(oC.c);
Writeln(oP.Value(0.45));
[Tonyyaem 3nauenue 0.616499999999582

CpaBHUM ero ¢ HaeHHbIM IT0 He3awyMneHHon GyHkumun: 0.6165

Hemnoxo, He Taxk nun?

[Ipumep 3.

AnnpokcuManus GyHKLUY, 3ajaHHON TabAUYHO.

b -25 |[-1.0 |0 1.35 |3.1 4.2 6.6 9.8

f 18.4 |21 -2.6 0.35 | 7.0 5.9 -4.4 | -2.5
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Penrenne

var e:=1.5;

var x:=Arr(-2.5,-1.0,0.0,1.35,3.1,4.2,6.6,9.8);

var y:=Arr(18.4,2.1,-2.6,0.35,7.0,5.9,-4.4,-2.5); y.Printin;
var oC:=new ApproxCheb(x,y,e);

oC.f.Println;

Printiln(oC.r,0C.tol);

oC.MakeCoef;

oC.c.Println;

Pesynbrarsi:

- dIIIMTPOKCUMUPOBAHHbBLIE 3HAYEHUA

18.8787149210766 0.303449492091142 -1.58080462027389
1.59356781696437 5.98021464557467 5.65468278969934
-4.01730392692446 -2.5625211182078

- PeKOMeHl0BaHHaA CTeIeHb ITOJIMHOMA U OlieHKa IPUOIWKeHna

4 1.02067832612246
- K03bHUUNEHTH ITONNHOMA

-1.58080462027389 0.641066344416852 1.94274720889745
-0.547701425011285 0.0348718228731455
OxoxvarensHo y = —1.580805 + 0.641066x + 1.942747x% —

0.547701x3 + 0.034872x*

CpaBHMM PEe3yibTaThl

X -2.5 -1.0 0| 1.35 3.1 4.2 6.6 9.8

f 18.40 | 2.10| -2.60 | 0.35| 7.00| 5.90| -4.40| -2.50

fpacu | 18.88 | 0.30| -1.58 | 1.59 | 5.98| 5.65| -4.02 | -2.56
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Pe3ynbTraThl anmpokcuMalmm okasaHsl Ha rpaduxe.

25.00

20.00
15.00 \\
10.00

5.00

=== cxogHoe
=@=0/1y4eHO

-2/50 -1.00 135 310 4.20 .60 980

-10.00




4.4.3.2. Paznoxenve nonnHoma Ha MHOXuTenu (Factors) 43

4.5.3. JKOHOMU3alUUA MONNHOMA Ha uHTepBane [-1;1]

JKOHOMU3AUUA - IrpuemM, TI03BOJIAONIUA YMEHbLUIUTDL KOJINYECTBO
YJIEHOB AaIllIPOKCUMUDPVYIOWET0 IIOJIMHOMA IIYTEM KOPPEKTUPOBKU €T0

K03hULNeHTOB.

3amuuiem pasnoxerue pyukuun f(x) mo monnxHomam Yebsiresa

n

m
flx) = Z ax = > b;T;(x)
i=0 =0

[TokasaHo [9], uTo ecnu cHavana MePeNTU OT CTEIIEHHOTO Ipen-
CTaBJIEHUA TIOJIMHOMA K «4eObILIEBCKOMY», YOANUTb OAUH Wau 6onee
MOCNe[HUX YIEHOB, a 3aTEM BEPHYTbLCA K UCXOLHOMY IIPELCTaBIEHUIO,
CTEeIleHb ITOJIMHOMA MOXeT OLITh MOHMKEeHA 0e3 CylleCTBEHHLIX IT0TEPD
B TOYHOCTMU.

PaccMOTpUM pAZ, KOTOPLIN MOJLYYaeTCa MIpU pasnoxenun QyHk-
uun In(1+x):

— xz x3 x4 n+1 x"

ln(x)—x—7+?—z+---+(—1) -

OI'paHM‘{VlB]lIMCb IMMEPBLIMU TIIATbIO 4YJE€HAMWU DPAAd, BLIYUCIUM

3HaueHune QpyHKuun y=In(x+1) ana geBATn Touek B nHTepBane (-1;1]

x%2 x® x* x°
mx— b+ (443-1
y(x) =x > + 372 + S (443-1)
X -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1

y(x) -1.298 | -0.689 | -0.288 | 0.000 | 0.223 | 0.407 | 0.578 | 0.783
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I/ICI[OJleVEM U3BECTHbIE COOTHOLIEHUA AJ1A ITepexoa K IT0JINHO-

MaM YeoOninresa:

Ty +T, 3T, + T,
x=T, x S X 2

. 3To+4T, +T, . 10T, + 5T + T
= 8 P X 16

[TopcTaBuB 3TU COOTHOLIEHUA B (4.4.3-1), ITOCE YIIPOLEHUA TTO-

JIYIUM Pa3jloXeHUe I10 ITOJINHOMaM Yebuirena

T(x) = U . 3. 7 11y
Y=gl gliTglaTygls T34 Tggls

OT6pachiBaeM MOCHENHUN 4leH B DPasNOXeHWW U UCIONb3yeM
COOTHOILIEHWA A1A BO3BpaTa OT MONMHOMOB YebblnleBa K MONMHOMAaM B
cTereHHON Gopme
To=1 Ty,=x, T,=2x*—1, Ty=4x3-3x, T, =8x*—8x2+1

ITocne mpoBefieHUA YIIPOLIEHUN TTONlyYaeM

() =2 —sa? Lt at (443 -2)
X) =—x—=x*4+-—x3—~-x 4.3 —
71 167 2° T12" 1

TlaTas cTemeHb 0XUZAeMo Villa, KONUIECTBO Y1eHOB B BHIPaXe-

HUW COKPaTWIOCh Ha OfMH. IIOCMOTPUM, YTO ITPOU3OLIIO C TOYHOCTHIO

II0JIy4a€MbIX 3HAYEHU.

X -0.75 | -0.5 | -0.25 0 0.25 0.5 0.75 1

y(x) -1.298 | -0.689 | -0.288 | 0.000 | 0.223 | 0.407 | 0.578 | 0.783

y1(x) |-1.310 | -0.682 | -0.276 | 0.000 | 0.211 | 0.401 | 0.589 | 0.771

MakcumanbHas abCconioTHas MOTPEUTHOCTb CLENAHHO! 3KOHOMU-
3auuu pasHa 0.012, orHocuTenbHas — 5.38%
[IoxaxeM, Kak IpojenaTb 3KOHOMU3AUUIO IIOCPEACTBOM MeToza

EconomSym knacca Polynom (4.4.1)
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var x:=ArrGen(9,-0.75,x->x+0.25);

var p:=new Polynom(0,1,-1/2,1/3,-1/4,1/5);

var r:=p.EconomSym(1,0.05);

Printin(r.eps,r.n);

r.PrintinBeauty;

for var i:=1 to x.Length do
Write(r.Value(x[i-1]):0:3,"");

X -0.75 | -0.5 | -0.25 0 0.25 0.5 0.75 1

y(x) -1.298 | -0.689 | -0.288 | 0.000 | 0.223 | 0.407 | 0.578 | 0.783

Y2(x) |-1.340 | -0.698 | -0.259 | 0.031 | 0.228 | 0.385 | 0.559 | 0.802

3mech MakCuManbHas abCoNOTHAs IOTPELUIHOCTb CAEeNaHHOW
3KoHoMu3auumn pasHa 0.031, otHocuTensHas — 8.06%

Pesynbrar, monyyeHHbW Ipu nomomu Meropa EconomSym
OKasanca xyxe. [IpyunHa B TOM, UTO [aHHBIN METOJ IIpeAIoyaraer
paboTy Ha CUMMETPUYHOM MHTEpBajlle U3MEHEHWA apryMeHTa. Bnin
3ajaH uHTepBan [-1;1], B TO BpeMA KaK apryMeHT OIpefiefleH Ha
unrepsane [-0.75;1].

[Torrpo6yeM MOBTOPUTL BEIYUCIEHUA 1 uHTepBana [-0.75;0.75]

var x:=ArrGen(8,-0.75,x->x+0.25);

var p:=new Polynom(0,1,-1/2,1/3,-1/4,1/5);

var r:=p.EconomSym(0.75, 0.05);

Printin(r.eps,r.n);

r.PrintinBeauty;

for var i:=1 to x.Length do
Write(r.Value(x[i-1]):0:3,"");
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Pesynbratsi:

0.003955078125 4
0.473958333333333x"3-0.640625x"2+0.980224609375x+
0.0098876953125

-1.286 -0.700 -0.283 0.010 0.222 0.399 0.585 0.823

X -0.75 -0.5 -0.25 0 0.25 0.5 0.75

y(x) | -1.298 | -0.689 | -0.288 | 0.000 | 0.223 | 0.407 | 0.578

y1(x) | -1.310 | -0.682 | -0.276 | 0.000 | 0.211 | 0.401 | 0.589

y2(x) | -1.286 | -0.700 | -0.283 | 0.010 | 0.222 | 0.399 | 0.585

34ecb MaKCUMasbHas abCconioTHasA U OTHOCUTENbHAA TIOTPELIHO-
CTU 3KOHOMM3aUUW, CLENAHHOW aHANUTUJIECKU, MO-IIpeXHeMy COCTaB-
nawT 0.012 n 5.38% COOTBETCTBEHHO, a IIPUMEHEHWe MeTofa
EconomSym pano norpeuwrHoct 0.04 n 5.21%, YTO HECKONBKO YAYYLIN-
710 CUTYaLuIo.

[TonyyeHHLIN IONUHOM He COBIIAAAET C HAaWAEHHbIM aHaNUTUJe-
CKM, TIOCKONBbKY B OCHOBY MeToza EconomSym monoxeHa BOCTaTOYHO
IIPOCTaA peKyppeHTHas Gopmyna, mpuBefeHHas B [6] AnAa anroputma

386, HO JaeT BITOJIHE ITPpUeMjieMoe A ITPaKTUKU PELIEHUE.
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4.6. IunenHaa anredpa
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4.7. Pemrenue 06bIKHOBEHHbIX A depeHnnanbHbIX

YPaBHEHUN

O6sikHOBeHHOE AuddeperHnnanvioe ypasHenue (nanee — 0L1Y)
CBA3LIBAET MeXAy c000M 3HaYeHUA HE3aBUCUMOI ITEPEeMEHHON X, HeKOo-
TOPOW HeU3BEeCTHOW (QYHKUMU Y(X) U €€ Mpou3BOLHLIX, 1160 Iudde-
peHuunanos

F(x,,,y" .. y™W) =0 (4.7-1)

Maxkcumanbhbiii mopanok sxopament 8 OIY mpoussoaHoit (n) Ha-
3bIBAETCA [TOPAJKOM YpaBHEHUA.

OLY umeeT ob11ee penieHne 1 YacTHbIE PeLIeHu.

YactHoe peuerne OJY Ha HEKOTOPOM, BO3MOXHO OECKOHEYHOM
UHTepBasle — 3T0 GyHKUUA y=@(X), auddeperHunpyemas n pas, Koropas
Ha 3TOM MHTepBaJle 06palAeTCs B HOJb.

O6wee pewenve OV - 3to pyxkuua y=9(x,c1,c2, ... cn), KoTo-
pas obpamaeTcs Ha 3ajaHHOM WHTEPBaJle B HOJb IIPU KOHKPETHOM Ha-
6ope MOCTOAHHBIX €1,c2, ... cn, 06pa3ys YaCTHbLIE PeLIeHUA.

Teopua OJIYV poxasbiBaer, yTo ypaBHeHuw (4.7 — 1) 3KBuUBa-
JIeHTHA CUCTEeMA YPaBHEHUN
0r(X, Y1 Y1 Yoo Yoo Yo V), k=12,..n (47 -2)

VpaBHeHUe (4.7 — 1) uMeeT 6eCKOHEUHOE MHOXECTBO PELIEHU.
Urobbl peurerne ObI10 ELUHCTBEHHLIM (YaCTHLIM), HYXHO 33a7aTh HEKO-
TOpHIE [OTONHUTENbHbIE YCI0BUA U B 3aBUCUMOCTU OT BUAA TaKUX yC-

JI0BUN BLIAENAIOT TPU OCHOBHBLIX TUIA 3afav [7].
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1. 3apava ¢ HavanbHHEIMU ycnoBuAMM (3azava Koum) mpepmonaraet
3afiaHue Ana HeKOTOpow Touku X0 3HauyeHun ¢pyHKumm y(x0) n 3Have-
HuW e€ mpom3soaHbix. HauanbHile ycnosua pna (4.7 — 2) 3apaworca B
BUJE

Y1(x0) = y10, ¥2(X0) = V20, - Yn(X0) = Yno
2. 3apava ¢ rpaHUYHBIMU (KPaeBLIMU) YCIOBUAMU COLEPKUT LOIIOJN-

HWUTEeNbHBIE YCN0BUA B BUAE (GYHKUUOHANBHLIX 3aBUCUMOCTEWN MEXLY
UCKOMBIMWU DpeureHUAMU. Munumanbhbii mopapok Takmx OJIY pasen
LBYM.

3. 3apava Ha coOCTBEHHbIe 3HAUEHUs, BKIII0YAOWAs AOTIONHUTENLHO
K 3apave Komwrn Habop m HEeU3BECTHLIX MTAPAMETPOB Ay, Ay, ... Ay, HA3HI-
BAEMbIX COOCTBEHHLIMU 3HAUEHUAMMU.

JIvurs Hemuorne OLY MOTYT OLITL peuleHbl aHAAUTUYECKU, YTO
LleflaeT BeCbMa aKTYanbHOW 3afauyen CO3NaHNe UNCIeHHBIX METOL0B AJiA
npubnmxerus peurerus 0J1Y. BonbmmHCTBO 3TMX METOLOB OCHOBAHO HA
pemienuun 3apgauu Koum.

Hcmonb30BaHWe UWUCIEHHOTO METOZA IPEAIojlaraeT Heobxomu-
MOCTb 3aflaHUA JOTIONIHUTENbHON uHdopmauuu [1]:

- yKa3aHue BeIWYUHBI OWINOKU, KOTOPYIO I0J1b30BATENb TOTOB [0-
IIYCTUTDb B PELIEHUN;

- yKa3aHue 1LieHbl, KOTOPYIO IT01b30BATENb FOTOB 3aIUIATUTD 3 ITONY-
yeHue pelureHus.

ABTOpH KHUTN [1] BHIENAIOT YeThIpe OCHOBHbIE KaTErOpUU Me-
TOJI0B UUCJIEHHOrO peuienus 3agauun Koum gna 01V,

- MeTop, panos Tennopa;
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- metop Pynre — KyTToy;
- MHOTOLIATOBbIE METOLLI;
- MEeTOZ, 3KCTPAIONALUN.

B 3TOVi K€ KHUre aBTOPbI IOAPOOHO 060CHOBLIBAIOT BLIOOD YUC-

JIeHHOT'0 MeToza, 6asupytomuiica Ha metope Pytre — KyrTsl.
4.7.1. Pemtenue 3apauu Kourm (knacc RKF45)

Knacc sBnsercsa mepepaborkoit mna PascalABC.NET 3.2 mpo-
rpammst RKF45 [1,10], HanucaHHOM Ha a3bike Fortran-90.

Anroputm ocHoBaH Ha ¢opmynax Pyxre — Kyrret — ®envbepra
(1970r) yeTBEPTOTO IMOPAAKA U TpeOYET BLIUUCIEHUA LIECTU 3HAYEHU
GyHKIUM Ha KaX[oM uiare. TOUYHOCTb OIpPefenfeTcA Pa3HOCTbIO 3Have-
HWUW MEXAY pe3yibTaTaMu METOLOB UETBEPTOr0 W IATOTO MOPAAKOB, YTO
W OIlpefienaeT Ha3BaHWe aTOPUTMa.

Metop, Pynre — KyTTsl mpepmonaraer pasbuenue BCEro MHTep-
BaJla U3MEHEeHUA He3aBUCUMOr0 apIyMeHTa X Ha HEKOTOPOe KONNYeCTBO
TOYEeK, BO3MOXHO, C IIepeMeHHbIM WaroM. B Kaxpon Touke BMecTO ucC-
TUHHOTO peurerunn y=f(x) 6epeTcs ero HeKOTOPLIM 00PA30M AIITPOKCHU-
MUpOBaHHOE 3HayeHue y(x). DopMynbl anmmpokcumanuu copepxar 3Ha-
yeHUA QYHKUUU U €€ TIepBOi IPOU3BOAHON, HAWZleHHbIe AJ11 OBHON WK
HECKONbKUX Ipefbiayumx Touek. KonuuecTBo BHIYUCNEHUN 3HAYEHUN
byHKuUM ompenenaeT NOPARAOK METOAQ, T.e. KlacCuieckun metop Pyxre
— KyTTht ueTBEpTOrO MOpAAKA TPEOYET YeTHIpe BLHIUUCIEHWUA 3HAYEHUA

byHKIUN.
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Cam metop Pynre — KyTTht mpeacraBnseT co60i HECNOXHbIA Ha-
60p roToBHIX GOPMYN [ BHIYUCIEHUA 3HAYEHUI B OAHOW Touke. Ha
ero 6ase co3paercsi 00HOW@208bll UHMe2pamop, mo3BONALNIA Hall-
TU ¥ OLeHUTb penieHune B TOUKe, OTCTOALLEeN OT 33[laHHON Ha HEKOTOPbLIN
yKasbiBaeMbln uHTerparopy war. Ilonnaa nmporpamma RKF45 paer pe-
LIeHUe BO BCEM HAOOPe TOYEeK, BbI3bIBAsA BHYTPEHHWUN OLHOLIATOBLIN UH-
TErpaTop, a 3aTeM OlleHWBAA X0 PelIeHUs U ero Kauectso. I[lonpo6Ho-
CTWU MOXHO HaWTU B CHAOXXEHHOM KOMMEHTApPUAMU KOZie ITPOrPaMMbL.

®envbepr (Fehlberg) B 1969-1970 ropax mpepjoXwl ycoBep-
LIEHCTBOBATb METOLUKY BLIUUCIIEHUN C TEM, YTOOLI MOAyuuTh 3ddex-
TUBHY0 OLl€HKY TOYHOCTU.

[TopAnoOK pelreHus pacCMOTPUM Ha ITpUMepe, B3ATOM u3 [1].

B 3apaue paccmaTpuBaeTca ABUXKEeHUE [BYX TeJl I0], JeNCTBUEM
B3aUMHOI'0 I'PaBUTALMOHHOTO MpUTAXeHua. Havano cucremsr xoopau-
HaT 3aUKCUPOBAHO B OfHOM Tejle, 3 KOOPAWHATH BTOPOTO Tejla BO
BpeMeHU onpepenatTca kak x(t) n y(t).

ITokasaHo, YTO 3a7ia4a CBOAUTCA K CUCTEME YPAaBHEHUN

o —a?x(t)

0=
2

i = =00

3
rae R(t) = [x(©)?* + y()?]2
B xauecTBe HaYalbHLIX YCI0BUN ITPefJlaraeTcs 3aAaThb

x(0)=1-e, ¥'(0)=0, y(0)=0,y' (0) = & |~

llonaraeMy; =x, Y, =y, Y3 =X, Y, =Y
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[TonyyaeM cucTeMy U3 YeThpexX YpaBHEHWUN C HAYalbHBLIMU YC-
JOBUAMU
Y1=Y3 (( n(0)=1-e
Y2 = Y4 y2(0) =0
/ Y =
yi = _El ) y3(0) =0
l 1+e
Y2
=2z 0 =
Ya R k}’4( )=a 1—
3
[x(©)? + y(©)*]2

CnenyeT OTMETUTH, YTO B JAHHOM IIPUMEPE UMA «e» LA Iepe-
MEHHOW Obl7I0 BLIOPAaHO HEYAAYHO: 3TO KOHCTAHTA, O3HAyalolas 3Kc-
LleHTpucuTeT (opbuTa MpefcTaBnseT cob0n 3IUIC, B OBHOM U3 Goky-
COB KOTOPOTO ITOMELleHO Hayano KOOPAMHAT), a HE OCHOBaHWe HATy-
PaslbHBIX NlorapnudMoB.

TpebyeTcs oIpenenuTb NMPOLELYPY, NPUHUMANIYI0 3HAYEHUE
HEe3aBUCUMOT0 apIyMeHTa W BO3BPALLAOLIYI0 MACCUBLL C HAOOPaMU BHI-
YUCJIEHHBIX 3HAYeHU QyHKuMUN 1 e€ mepBoit mpoussoaHoi. Habop ma-
pamMeTpoB (HUKCUPOBAHHBIN, [TO3TOMY B Tejle NPOLEAYPH YacTb Mapa-
METPOB MOXET He UCII0/1b30BaThcA. [Inf AaHHOW 3afjauu Ipoleaypa Mo-
KeT BLIMNIAZETD TaK:

procedure Orbit(t:real; y,yp:array of real);
// 024 He3aBuUCUMO20 ape2yMeHmMa e 8038PAUAOMCA
// 3HaveHuAa QgyHkyuu y[] u eé nepsoil npoussooHol yp[]
begin

var alpha:=Sqr(ArcTan(1.0));

var r:=y[0] *y[0]+y[1] *y[1]; r:=r*Sqrt(r)/alpha;

yzzl[ 0]:=y[2]; yp[1]:=y[3]; yp[2]:=y[0]/7; yp[3]:=y[1]/T
end;
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Pa3MepLl MacCUBOB Y U Yp OTIPENENATh B TPOLEAYPE He Tpebyer-
Csl, HO CNeyeT MIOMHUTDb, UTO HyMepalus 3J1eMeHTOB B HUX BEAETCA OT
HyNA.

Co3mafivM U 3aMONIHUM HavaJlbHLIMWU YCIOBUSAMU MacCUB Y

var e:=0.25;
var y:=Arr(1.0-e,0.0,0.0,ArcTan (1) *Sqrt((1.0+e)/(1.0-e)));

06bABUM U UHULMANU3UPYEM ITepeMeHHbIe abserr u relerr ompe-
fenswmue abCcoloTHYI0 U OTHOCUTEbHYI TOYHOCTU peureHus. He
crneayeT 3ailaBaTbh 3HaueHwue relerr meHbuie yeM 1.0e-8; B TO e BpeMs
3HaueHue abserr yaue BCEro I0JaralT HYJ1EeBLIM.
var (abserr,relerr):=(0.0,0.3e-6);

Hanee, co3mapum o6bekT knacca RKF45, mepenaB eMy ueThipe
mapamerpa. CymecTByeT eme u ImATHIN MapameTp MsgOn, monyvatomun
II0 YMOJIYAHUI0 3HaUYeHue true, moaxopsallee B O0NbUIMHCTBE CIYYaeB U
0CBOOOXAatoOLlee IO1b30BATENA OT HalUCAHUA COOCTBEHHOTO 06paboT-
unKa omn6oK (CM. HUXKE).
var oL:=new RKF45(0rbit, y, abserr, relerr);

JanbHelulee penieHne 3a,aYn MOXET IMTPOXOAUTDL IO PA3IUYHLIM
cxeMaM. Haubonee yacto penaercs unkauveckoe obpaueHne K METORY
Solve, patomee peureHve Ans 3afaBaeMoro 3Havenus t. B mpumepe Bbi-
BOAUTCA pelieHune ana t, 3HaueHune KoToporo mexsercsa ot 0 go 12 ¢ ma-

rom 0.5
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var (ttb,th):=(0.0,12.0,0.5);

var t_out:=t;

repeat
oL.Solve(t,t_out);
Writeln(t:5:1,0L.y[0]:15:9,0L.y[1]:15:9);
case oL.flag of
-3,-2,-1,1,8:begin Writeln(‘Flag=,0L.flag); Exit end;
2:t_out:=t+th;
end

until t>=tb;

Pesynbrar:
0.0 0.750000000 0.000000000
0.5 0.619768004 0.477791367

3.0 -1.054031732 0.575705690
3.5 -1.200735203 0.300160297
4.0 -1.250000108 -0.000000390
4.5 -1.200735112 -0.300161044
5.0 -1.054031579 -0.575706338

11.5 -1.200735807 0.300158340
12.0 -1.250000209 -0.000002338
MeTon RKF45.Solve uMeeT fBa mapaMeTpa U YIIpaBiAeTCs CBOM-

croM flag.

[TepBuin mapameTp t — 3TO 3HaYeHUEe HE3aBUCUMON IIePEMEHHOWN,
L7A KOTOPOTO uueTcs peuteHue. Bropoit mapamerp t_out ompenenser
3HaueHue t, Ha KOTOPOM CleLyeT 3aBepUIUTL PAabOTy MeToza.

3nauenue flag=1 (ycraHaBnuBaeTca 10 YMONYaHUIO IIPU CO37a-
Huu obbekTa knacca RKF45) unu flag=-1 obecrneunsaer HayanbHyO Ha-

CTPOVKY IJ1A KaX#ou HOBOW 3apauu. [lonb3oBaTens ponxeH 3aAaBaTh
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flag=—1 Jvllib B TOM (CJy4ae, Kor'zd HGO6X0,T.I,MMO CaMOCTOATEJNbHOE

yIpaBieHne OfHOWATOBLIM UHTEIPATOPOM. B 3TOM cnyyae mpeanpuHun-

Ma€TCA ITOILITKA ITPOAOJIXKUTL pellieHUe Ha OAUH MajJleHbKUN 1Iar B Ha-

mpaBneHun t_out mpu KaxzpoM ouepenHoM Bh30Be. Takoil pexum pabo-

Tbl B€CbMa HE3KOHOMUYEH N €Tr'0 CleAyeT IIPUMEHATb JIUIIb B Cly4ade

KpanHen HeobxoauMocTu. YTOOL YCTAaHOBUTL TaKoe 3HaUeHWUe, IOCHe

co3panus ob6bexTa oL cnepyer ykasars oL.flag:=-1.

Ilo pesynbratam pabotst metona RKF45.Solve cBoiictso flag mo-

)KeT UMEeTb OIHO U3 CJIeAYI0lUX 3HAaYeHUN:

-5

Kputnueckas ourmbka. Ilpoponmxenne paboTsl HEBO3MOXKHO: IIOJIb-
30BaTeNlb HE BLIMONHWI HEOOXOAUMBIX [EICTBUI IOC/e IOoNyde-
HUA Ha MpefbiAyeM uare 3Havenus flag, pasxoro 5,7 unu 8

Kputuueckas ourmbka. Ilpononxenne paboTsl HEBO3MOXHO: IT0JIb-
30BaTe/lb HE BLIMONHWI HEOOXOAUMbBIX [EICTBUI IOC/E IONyve-
HUA Ha Ipefbiayilem nare 3Haverus flag, pasHoro 6,7 unmn 8

JTO 3HAYEHUE MOABNATLCA HE JOJKHO. ECin 0HO BCe Xe mosaBuTcs,
mpocbba coo6WUTbL aBTOPY.

CnenaH oguH miar B HampasneHun t_out, OKa3aBLINNCA ycIient-
HbIM. JTO HOPMaJlbHOE 3aBEPUIEHWUE, €CNIU II0J1b30BATEJlb BLIIIOJI-
HAJl OQHOUIAar0OBOE€ UHTETI'PUPOBAHUE.

[Ip uHTErpupoBaHUM yCIIeUWHO LOCTUIHYTO 3HaYeHue t_out. ITo
HOPMaJlbHOE 33aBeplIeHUE [J1A TUTIOBOT'O PEeXUMa PaboTH.

VHTerpupoBatue He 3aBEpLIEHO, IIOCKONLKY 33aZlaHHOE 3HAUEHUE
TPaHULbL OTHOCUTENLHOMN 0MNOKH relerr cnvurkon Mano. [Ina mpo-
LOJKEHUS HE0OXOAUMO YBENUYUTD 3HaueHue relerr. Ecnin pesynb-
TaT ycTpanBaet, ycraHosute flag=2 u mpoponxure pabory.
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HHTerpupoBatue He 3aBeplIeHo, ITOCKONbKY NoTpebosanoch 6o-
nee 3000 BHIYUCNEHUN 3HAYEHUA IIPOU3BOLHON, YTO COOTBETCTBY-
eT mpumepHo 500 maram. Ilonb3oBaTenL MOXET ITOBTOPUTL 00pa-
LleHue, IIPU 3TOM CUETUYUK KOJIUYECTBA BLIYUCIEHUN GYHKUUM OY-
LleT cOpoLIeH B HOMb W, BO3MOXHO, 3TO IIPUBELET K YCIIEUTHOMY
peurexuio.

HTerpupoBaHmne He 3aBEPIIEHO, ITOCKOJbLKY pelIeHune 06paTuioch
B HOJIb, BCJIEACTBUE YE€TO TECT OJHOW TOJbKO OTHOCWUTEJbHOW
omrnbku He mpoxoaut. Ilonb3oBaTens AOKEH 33haTh HEHYJIEBOE
3HaueHue abserr u MPoROMWKUTL paboTy. Bo3MoxHO, ucnonb3oBa-
HUe 0[JHOLIATOBOTO UHTErPaTopa OyAeT XOPOLWIUM BLIXO[IOM.

HTerpupoBaHne He 3aBEPLIEHO, ITOCKONLKY TpedyeMas TOYHOCTb
HEe MOXET OBITb AOCTUTHYTA AaXe P HauMeHbLIEM AOMYCTUMOM
urare. ITonb3oBaTenb [O/MKEH YBEAUYUTb I'PAHULY [OMYCTUMOMN
norpemrHocTu abserr u/wnu reller mpexpae yem IMbITaTbCA MTPOZOI-
KuUTb penrerne. Takxe noTpebdyercs ycraHosuTs flag=2 (wnm -2

INA BbI30BA OAHOLIArOBOTO WHTerparopa). flag=6 BO3HUKaeT B
cnyyae oOHapyXeHus Mpob6aeMHON TOUKU, B KOTOPOW WU pelie-
HUE MEHAETCA 0UeHb Pe3KO, WIN IIPUCYTCTBYET CUHTYIIAPHOCTD.

[To Bcent Bupumoctu RKF45 HesddexTuBeH ana naHHOWM 3ajavuw.
Cnuurkom Gonburoe 3HaueHWEe TPEOYEMBIX [l BHIYUCIIEHUA TOUeK
MIPENATCTBYeT BHIOOPY urara. MOXHO NMOMBITATbCA WCIIONIb30BaTb
PEeXUM OAHOLIArOBOT0 UHTerparopa. Ecau monb3osarens mpoaon-
XWUT pelrexue, 3aaas flag=2, pabora 6yner 3aBepureHa.

HeBepHo 3aiaHbl BXOAHLIE TapaMeTphl. [Ipofomkernune paboTs He-
BO3MOXHO. JlonyuieHa 0fHa U3 CIIeLYI0LUX OMINOO0K:

- t=tout v mpu stom flag +1;

- relerr unu abserr < 0;

- flag = 0 wnu BHIXOZUT 3a Ipefenst [-5;8]
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VcranoBka cBoiicTBa MsgOn B true mo3sonsier o6pabaThiBaTb
OO0NbIIVHCTBO KOLOB OIMOKW BHYTPEHHUM METOAOM Knacca. Ecnv mons-
30BaTeN0 HYXHa 6onee rnbkas 06paboTKa, cneayer ycraHoBuTb MsgOn
B false u HamucaTb co6CTBEHHBI 06PabOTIUK.

[lpuBepem mpumep 06pabOTKM Koja OWMOKU AAA Ccayvas
MsgOn=true:

case oL.flag of
-3,-2,-1,1,8: begin Writeln('Flag=,0L.flag),; Exit end;
2: t_out:=t+th;
end;
PesynbraT paborst meTosa RKF45.Solve HaxoouTcs B CBOMCTBAX

-MaccuBax y (3Haverue GyHkumn) u yp (3HaueHue MepPBON IPOU3BOL-
HOW).
PaccmoTpum eme nBa mpuMepa, mpuBeneHHLIX B [10]
(http://people.sc.fsu.edu/~jburkardt/f src/rkf45/rkf45_prb.f90).
1. Pewerune oguroyHoro auddepeHmanbHoro ypaBHeHus nepso-
ro MOpAZAKA IpW HavanbHoM ycnoBun y(0)=1 pna t, meHatomeroca ot 0

no 20 c warom 5 (mpumep B3aT U3 [10]).

y(t)
y'(t) = —}’(t) (1 _W>

Jro ypaBHEHNE UMEET TOYHOE aHAINTUYECKOE peuieHue, KoTo-

PoO€ ITPU YKa3aHHbIX HaYaJlbHbIX YCII0BUAX MOXET ObITb 3aMUCAHO

o2
Y = T ¥ 19025t

B mpuBOAMMOM IpuMepe IOJyyaeMble 3HAaUeHWUsS CPAaBHUBAOTCA

C BHIUUCJIEHHBIMU TI0 ITPUBEAEHHO BbILIe POpMYIe.
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uses StudLib;

procedure f(t:real; y,yp:array of real);
begin
yp[0]:=y[0]/4*(1-y[0]/20) //yp — maccus npou3BoOHbIX ¥
end;

begin

var (abserr,relerr):=(0.0,1e-6);

var (t,tb,th):=(0.0,20.0,5.0);

var y:=Arr(1.0);

var t_out:=t;

var oL:=new RKF45(f,y,abserr,relerr);

Writeln(" t y((t) smanon');

Writeln (" );

repeat
OL.Solve(t,t_out);
Writeln(t:5:1,0L.y[0]:15:6,20/(1+19*Exp(-0.25%*t) ):15:6);
ss1+=0L.y[0];

case oL.flag of
-3,-2,-1,1,8: begin Writeln('Flag=,0L.flag); Exit end;
2: t_out:=t+th
end
until t>=tb
end.
Pe3ynbraTht
t y((t) 3TaJIOH
0.0 1.000000 1.000000
5.0 3.103859 3.103859
10.0 7.813674 7.813675
15.0 13.823252 13.823256
20.0 17.730168 17.730166
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2. Peurum 3apauy npu nmomMoiu 0AHOUIATOBOTO MHTErPATOPa.

uses StudLib;

procedure f(t:real; y,yp:array of real);
begin
yp[0]:=y[0]/4*(1-y[0]/20)

end;

begin
var (abserr,relerr):=(0.0,1e-6);
var (t,t_out th,tens):=(0.0,0.0,0.0,20.0,4);
var y:=Arr(1.0);
var oL:=new RKF45(f,y,abserr,relerr);
Writeln(" t y((t) smanon');
Writeln (" ),
oL.flag:=-1;
f(ty.oL.yp);
Writeln (t:10:5,0L.y[0]:10:6,20/ (1+19*Exp(-0.25*t) ):15:6);
for var i:=1 to ns do begin
t:=((ns-i+1) *tb+(i-1) *te)/ns;
t_out:=((ns-1) *tb+i*te)/ns;
while oL.flag<0 do begin
oL.Solve(t,t_out);
Writeln(t:10:5,0L.y[0]:10:6,20/ (1+19*Exp(-0.25*t) ):15:6);
case oL.flag of
-3,-1,1,8:begin Writeln ('Flag=,0L.flag),; Exit end;
end
end;
oL.flag:=-2;
end;
end.
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PesynbraTh

(CTPOKW MOAYEPKHYTHL 1A CPABHEHUA C IIPEALIAYIIUM IIPUMEPOM)

t y((t) 3TaJIOH
0.00000 1.000000 1.000000
0.08411 1.020167 1.020167
0.50468 1.126899 1.126899
1.45355 1.407357 1.407357
2.43485 1.764139 1.764139
3.44044 2.212585 2.212586
4.22022 2.62629%4 2.626294
5.00000 3.103859 3.103859
6.10707 3.900533 3.900534
7.28157 4.905233 4.905234
8.55543 6.176652 6.176654
9.27771 6.972853 6.972855
10.00000 7.813673 7.813675
11.94332 10.206922 10.206922
13.47166 12.086292 12.086293
15.00000 13.823254 13.823256
16.81220 15.575736 15.575736
18.40610 16.796930 16.796928
19.20305 17.297358 17.297357
20.00000 17.730168 17.730166
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4.8. Borunucnenue onpeseneHHbIX UHTEIPaloOB
M3BecTHO 6071bIIOE KONUYECTBO MAIIUHHLIX aITOPUTMOB, peanu-
3VI0WUX YUC/IEHHOE BLIYWUC/IEHWE OIpeZeseHHbIX UHTErpanoB. Buibop
ITOPUTMA CYLIECTBEHHO 3aBUCUT OT TOTO, KaK IIPeLCTaBleHbl UCXOJ-
Hble JaHHbIE.
IlycTb TpebyeTcs HAWTU YWUCIEHHOE 3HAUEeHWEe HEKOTOPOro WH-

Terpaia, OIpeneneHHoro Ha 3aiaHHOM OTpeE3Ke, T.e.

b
[ = j f(x) dx
a
Jlanee npepmnonaraercs, 4To nubo 3Havenus f(x) 3apaHsr Ha UH-
TepBane [a;b] mHoxecTBOM Touek y,=f(x;), nmbo nmeeTca HeKoTOpoOe

aHanutuyeckoe Bhipaxenue f(x), mosBonsionee BHYUCAATL 3HAYEHUA
ons x € [a;b].

Mo)XHO MpefCTaBUTh 3HAYEHUE UHTEerpana I cyMMO UHTErpanos

Ha KaXX[i0M U3 ITIOAUHTEPBaJ10B, 00Pa30BaHHLIX TAPO COCE[HUX TOYEK X
Xj+1

1=ZJ £(x) dx

i=1 " Xi

«MHTerpanbunK», BHIYUCIAEMBI Ha OTpeske [X,X, |, HasbiBaeT-
ca kBagparypoit. Korpa-To ero mpepnaranoch CUMTaTh, Kak IUIOWAAb

MPAMOYTONIbHUKA CO CTOPOHaMU AANHOM X, ,-X. n y.=(f(x,,)+{(x,))/2 -

3TO U eCTb OCHOBA KBaZpaTypHON GOPMYAHl MIPAMOYTONbHUKOB. 3aTeM
MIOABWIUCL KBafpaTypHble (GOPMYALI Tpameuui, KPUBONIUHEWHBIX Tpa-

neuuit (bopmyna CumrncoHa), e€ passurue — popmyna Pombepra u T.1.
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ImeeTca Takxe MeTOJ, ITPU KOTOPOM 3HAYeHUA (QYHKUUU UH-
TEPIIONINPYIOTCA CIUIANHOM, @ OCKOJIbKY CIUIANH — 3TO KyOu4yeckuit mo-
JIMHOM, aHaNUTUYECKOe BHIpAKEHUEe UHTerpasa OT Takow GyHKuuu xo-
pouro usBectHo. K coxanenuio, crinanH-uHTepHonAuua He Bcerga Io-
3BOJIAET IIONIYUUTb PE3Y/IbTATH C HYXHOW TOUHOCTDIO.

CoueTanne BBHICOKOW TOYHOCTW W OOJBLION CKOPOCTWU BLIYUCIIE-
HUA KBaZpaTyphl AAI0T afjaNTUBHLIE ITPOTPAMMBI, IToAOUpatolmne KoMou-
HalM0 BEJIMYUHLI UHTEPBAJIOB pa3bueHus UCXOLHOTO OTPe3Ka U Bapu-
aHTa KBafpaTypHOW HOPMYILL TaK, YTOOL 0becrieynBaTh HE0OXOAUMYIO

TOYHOCTbD.

4.8.1. ApanTuBHaA KBaAgparypHaa nporpamma Quanc8

B maker BxopuT knacc Quancs, monyuyeHHbN epepaboTkon ans
PascalABC.NET 3.2 nopnmporpamMmst QUANCS [1], HamucaHHOW Ha A3bIKe
Fortran.

[ins co3panua obbekTa Tpebyercsa Habop MepeMeHHbIX:
f — unrerpupyemasn pynkuus;
a, b - rpaHNLBI MHTEePBAla MUHTETPUPOBAHNUSA;
abserr - 3aflaHHas npefienbHas abconoTHan omnoKa;
relerr - 3ajaHHan mmpefiesibHasA OTHOCUTENbHAA OWINOKa;
Metop, Value Bo3BpallaeT KOPTeX U3 YETHIPEX 3/1EMEHTOB:
[0] - pe3ynbTaT uHTErpUpPOBaHUA (TeS)
[1] - oueHka abcontoTHOMN OwMbOKM pe3ynbraTa (errest)
[2] - nupukaTop HapexHocTu (flag)
[

3] - uncno Touex, B KOTOPHIX BuUMCAANach GyHKuus (nofun)
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Ecnu flag HeHyneBow, HO Maj, pe3ybTarT ellle MOXHO ITPUHATL, €C/IU Be-
nuK, To Quanc8 Henb3sf MPUMEHATL [J1A BHIYUCIEHUA JAHHON QYHKIUU.

3xayenue flag umeer sup XXX.YYY, rae XXX - K0onuUYeCTBO MOAUHTEPBA-
30 . .
nos paunsl (b-a)/2" ¢ HepomycTMMO 601bUION OMIMOKON BHIYUCIEHUS,

0,YYY - yacTb He06pabOTaHHOTO OCHOBHOI'O UHTEPBAJa.
B kauecTBe wnntocTpauun pabotst ¢ Quanc8 HaiineM 3HaueHUe
UHTETPaNbHOTO CUHYca Ha [0;2]

Zsinx

Si(2) = fo =

var f:real->real := x->x=021.0:s1n(x) /x;
var oL := new Quanc8(f,0,2,1e-7,0);
Writeln(oL.Value);

Pesynbrart: (1.60541297680269, 1.13735457459156E-16, 0, 33)
IIpexxpe Bcero mposepsieM flag — ero 3HaueHwe paBHO HYIO,

CNefoBaTeNbHO TpebyeMas TOYHOCTb [OCTUTHYTA. Mbl 3ampaurmsanu
-7 -16
TOYHOCTb 10 , HO MONYYUIU OLeHKY mopAangka 1.137x10 , T.e. B mpe-

Ienax MaliMHHOW TouHocTU. OTnuuno. 3Hauenue 1.60541297680269 —
pe3ynbTaT, B KOTOPOM, II0-BUAUMOMY, BCe Uudpl BepHbl. 1 ana Takon
TOYHOCTW IMOHAaZ06unoch Bcero 33 urepaunn. 0TMETUM, UTO B AAHHOM
Cly¥ae YKa3aHWe TOYHOCTU POJAU HE WTpPaeT: MOXHO 33jaTb HaXe
abserr=relerr=1.0, a pe3ynbraT 6yzeT TOT X*e!

Tak Quanc8 BegneT cebs MOTOMY, YTO QYHKUUA «XOpouUIasy A
B3ATOro anropurMa. Ecnu 3amenuts sin x Ha tg x, pyukuma f(x) 6yner

UMETb 0COOEHHOCTb B OKPECTHOCTU TOUKU X=T1/2~1.5708 1 3TO CO37aCT
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mpobnemy. Bennuyuna flag craner HepomycTuMo 6GOnbLION ANA TOTO,
YTOOBI MPUHATb pe3ynbTar. CIpaBeAnnBOCTU Paau CleLyeT OTMETUTD,
YTO TAKyl0 KBAApaTypy He CMOTAU BLIYUCAUTL U APYTUEe MalIUHHbIE
ITPOr'PAMMBIL.

var f:real->real:=x->x=071.0:tan(x)/x;

MnTepecHo, uTo B [1] paccmaTpuBaeTcs nosenerune Quanc8 mpu
BBIUUCIIEHUW KBaZpaTypbl QyHKUMM y=tg(x)/x Ha uHTepBane [0;2] n
IIPUBOAUTCA peureHune, B KotopoM flag=91.21 c nmocnepytouen oLeHKON
y4YacTKa UHTEpPBaa, Ifie BhiBJleHa 0c06eHHOoCTb. Ho monyunTs 3To 3Ha-
yenue B PascalABC.NET ne ynaerca. Bonee Toro, ecnu mpuBefeHHY0 B
[1] mporpamMmy mepeBecTU Ha paboTy c ABoiHON TouHOCTLI0 (DOUBLE
PRECISION), oHa BbIZAeT TaKoO e pe3ynbTar, kKak u Mmeron Quanc8
(flag=30). [Ipnuuna okaszanacb B TOUHOCTU NpPeACTaBreHUA K03hduum-
eHTtoB (Gopmynbl HeioToHa-KoTeca BocbMOro mopapka, KoTopas 3ano-
XeHa B ocHOBY Quanc8. JlocTaTOYHO UX BEIYUCAUTD C UCIIONIb30BAHUEM
32-6UTHOW apudMeTUKU YTOOLI MONYYUTb pElIeHWUe, COBIajaiollee C
IIpUBELEHHbIM B [1].

PascalABC.NET 3.2 wcronb3yeT eUHCTBEHHLIN BeleCTBEHHLIN
Tun real, koropomy B knaccax mnardopmst .NET cooTBeTCTBYET
System.Double, peanusytommnin 64-6utHyto apudmernky. Ina paboTst C
32-6utHoi apudpmeturon B PascalABC.NET MOXHO UCIT071b30BATH Kilacce
System.Single.

B Quance8 ncrnonb3yioTca cnepylomme KoHCTaHTH Gopmyn Hulo-

ToHa-KoTeca
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3956 23552 3712 41984 18160
14175 14175 14175 14175 14175

IIpn *enaHun BLIYUCAUTL UX C 32-OUTHOW TOYHOCTHIO (aHanOr

REAL B Fortran) MoXHO UCIIONb30BaTb CLEAYIOWYI0 3alIUCh

var wO := System.single(3956.0)/System.single(14175.0);
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4.9. 3apauun onTuMusauumn GyHKuun

[Tog TepMuHOM «OmTUMMU3AUUA QYHKLUUY» ITOHUMAETCA HAXOX-
IeHue eé MMHUMyMa Wiaun Makcumyma. Cama QyHKuMA B TepMMHAX 337a-
YU ONTUMMU3AUUUN Ha3bIBaeTcA leneBon. IIoCcKONbKY MaKCUMyM LieneBon
GYHKIUM MOXHO NPELCTaBUTb KaK €€ MUHWUMYM, B3ATHIN C OOpaTHLIM
3HaKOM, AOCTAaTOYHO PAacCMATPUBATb TONbKO 33Aaul HAXOXKAEHUA MU-
HUMyMa.

I[IycTb 3amaHa HEKOTOpaA LeWCTBUTENbHAA PYHKIUA OT N [eNCT-
BUTEJIbHBIX apryMeHToB F(x1,x2, ... xn). Ecnu ee MurumyM uniercs 6e3-
OTHOCUTENbHO KaKUX-NUO0 OrpaHUYeHU Ha apIyMEHTH, TO TOBOPAT O
0€e3yCl0BHON ONTUMU3ALUN. B IPOTUBHOM Ciyyae 3afatoTcs HEKOTOPLIE
OrpaHWYeHUs, 00BIYHO UMelomne BUL, HENUHENHLIX QYHKLUNI, YAOBIE-
TBOPAOUX HAOOPY HEPABEHCTB WIN YPAaBHEHUMN.

Ecnu pyukuua F(x1,x2, ... Xn) u Bce OrpaHNYeHUs UMEIOT BUJ,
AVHENHBIX QYHKUWUIA, 3aa4y OTHOCAT K 00671aCTW NUHEWHOTO ITPOrpaM-
muposauua (JIII-3apava), B MIPOTUBHOM Cly4Yae MOXHO I'OBOPUTb O 3a-
Iave HeIMHEWHOTO TPOrpaMMUPOBAHUA.

Penrenue JII-3anay mpuUBOAUT K HEOOXOAUMOCTU PELIEHUA Pas-
PEXEHHBIX CUCTEM NUHEWHbIX YpaBHEHUN BBICOKUX IOPALKOB U 1jd
3TON L€ UCIONb3YIOTCA CIIeMaNU3UPOBAHHLIE aNTOPUTMLL, TEOPUA
KOTOPHIX JOCTATOYHO XOPOLIO pa3paboTaHa.

OnTUMM3aUNA MOXKET ObITb TN100anbHOW, €CNW Pa3bICKUBAEMLIN
MUHUMYM SABIAETCA TJ100aJIbHBIM W JIOKaJIbHOW B IIPOTUBHOM Ciy4dae.

3apava moucka r7100a1bHOTO MUHUMYMa MOXET ObITDb CBefeHa K IIOUCKY
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BCEX JIOKAJIbHBIX MMHUMYMOB U BLIOOPOM Cpeau HUX Hy»Horo. Ecnu ap-
TYMEHT eJUHCTBEHHLIN, TOBOPAT O IIOUCKE MUHUMYyMA QYHKLUU OfHON
nepeMeHHON (OLHOMEpPHOW ONMTUMU3ALUN), €C/IN APIYMEHTOB HECKOJb-

KO — O ITOUCKE MUHUMYMa (byHK]J,VlM MHOTUX ITEPEMEHHDIX.

4.9.1. OpHoMepHaa onTumusanua (FMin)

FMin — knacc, HamucaHHLIA Ha OCHOBe Iporpammbl [xoHa Byp-
Kapara ansa aswika Fortran-90 [11]. Mcmonb30BaHHBIA aNrOPUTM Obi
omybnukosan Puuapnom Bpenrom [12].

Mmerca noxanbHen MuHUMyM GyHKumn f(Xx) Ha uHTepBane
[a;b]. MeTon ucmonb3yeT KOMOWHALMIO TIOUCKA 30J10TOTO CEYEHUA W IIO-
CNeN0BaTEeNbHON Mapabonuyeckon UHTepronanuun. CXooUMOCTb HUKO-
raa He ObIBAaeT XyKe, yeM mpu puboHayunesom noucke. Ecnn pyHKuma
UMeeT HeIlPepLIBHYI0 IO0XWUTENbHYI0 BTOPYI0 MPOU3BOAHYI0 B TOUKE
MWHWUMYMa, He COBIIafalolleM C TeKYIUMU IPaHULIAMU UHTepBajla IonC-
Ka, CXOUMOCTb CBEPX/INHENHAA U 00BIYHO UMEeT MOPAROK 1.324...»

Tumnynoe ucnonb3osanne FMin:

- OTIpefleNnuUTb ONTUMU3upyemyto bytkuuio f(x:real):real;
- co3pats 00bexT var oL.=new FMin(f, a, b);
- IONYYUTb MUHUMYM var (X, fx):=(oL.x, oL.Value);

[lo ymMonuaHui0O TOYHOCTb HAXOXAEHWUA aApPryMeHTa IPUHATA
paBHOW 1.05e-8, T.e. HalijeHHOe 3HAYeHUe apryMeHTa OYLET WUMeTb
MaKCUMyM BOCEMb BEPHHIX UWUGP. ITO 0COOEHHOCTb ANTOPUTMA: TOY-
HOCTb peLIeHUA He MOXeT IIPEeBLIIATh KBAAPATHOI'O KOPHA U3 MalIWH-

HOW TOUYHOCTM.
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IIpepmnonaraercs 6€3 MPOBEPKYW, YTO UHTEPBAJL U30NALUN MUHU-
mMyMa [a;b] ompepeneH, B MPOTMBHOM Clyvyae Monb3oBaTbcsi FMin He-
KOppeKTHO. [Ipu XenaHun MoXHO 3anarh O6onee rpyboe MpubNNKEHUE,
yKa3aB IPU CO3[aHUU 00bEKTA YETBEPTHIM TAPAMETPOM BEUYNHY MaK-
CUMaJIbHO [LOMYCTUMOTO MHTEPBajla HEONPefeNeHHOCTU peLIeHus, T.e
LAVHY OTpe3Ka, COLEepXallero MUHUMYM, UTO MOXHO pPacCMaTpPUBATb
KaK HEKWUN aHaJIOT TOYHOCTU pPelIeHUs.

var oL=new FMin(f, a, b, 1.5e-4);

l'Ipanleo 3dldaBadA MHTEPBaAJl U30J1A1UNU, MOXHO HAXOAWUTD J10-

KaJIbHbI€ MUHUMYMBbL U AN1A (byHK]J,VlVl, UMEUUX Pa3PLIBHI.

PaccmoTrpum paboTy c knaccom Ha mpumepe. Ilyctb faHa QyHK-
uma f(x) =x3—2x =5 - min

Toukun noxkanbHLIX SKCTPEMYMOB MOXHO HaUTU aHAIUTUYECKU.

2
ff(x)=3x2-2; f'(x)=0; 3x2=2 - x = 3~ +0.81649658

f'"(x) =6x
f"(x;) = —0.816 < 0; (x1) » max
f"(xy) = +0.816 > 0; (x,) » min
MoxHO 3aKnOYUTb, UTO QYHKLUA UMeEeT ABe TOUKW Ieperuba.

TIpn x<-V(2/3) byHKUMA MOHOTOHHO yGbiBaeT, mpu x>V (2/3) dyHK-
MA MOHOTOHHO BO3pacTaeT. CnefoBaTenbHO, HYXHO aKKypaTHO OTHe-

CTUCDb K YKa3aHU1O J1€BOM TpPaHULbI MUHTEDPBAJA U30JIALUU MUHUMYMA.
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Muxumym dyHKUMU 6yneM uckaTb Ha uHTepsane [-1;1].

var fun:real->real:=x->x*Sqr(x)-2*x-5;
var oL:=new Fmin(fun,-1,1);
Println(oL.x, oL.Value)
[Tonyyaem pesynbrar 0.816496571453584 -6.08866210790363,

B KOTOPOM A1l apTYMEHTa MOXHO JJOBEPATb BOCbMU UU(paM U 3TO Ipe-
ZleJ71 TOYHOCTU pPelIeHUs, KOTOPOe B JAHHOM CJly4ae LOJKHO OLITb PaBHO
0.81649658092772. «BuHoBaTta» QyHKUMA — 3HAYeHUE MUHUMYMA Ha
CaMOM fiefne IIPUMepHO paBHO -6.08866210790363, T.e. BCe HaWAEHHbIE
uudps 3HaYeHUA MUHUMYMa QYHKUUU BepHHL. B 3TuX ycnosuax yrou-
HUTb 3HaYeHUe apryMeHTa He YAaeTcA.

3Haa NpUMepHOe ION0XEeHWE MUHUMYMA, MOXHO ITOIBITATLCA

HalTu 60Jee TOYHOE IPUONUKEHWE, CYKASA UHTEPBAJL U30JIALMUY, HO U B
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3TOM CJly4dae He yOadeTca HanTtu peunreHne TouHee BOCbM 3HAKOB ITOCI1E

3aIATON.

B KauecTBe BTOPOTO IPUMepa PACCMOTPUM «KOBAPHYIO» (QYHK-
11110, UMEWYI0 B 00/1aCTW MUHUMYMA JOCTATOYHO ITIOCKOE U K TOMY

e, BOJIHUCTOE JOHBIIIKO
y(x) = x(x — 1*(x - 3)°

6.x 10°

5.% 10° 1

4% 10° 1

3.% 10° 1

2% 10°

1.x 107 1

-40 -30 -20 -10 ] 10 20 30 40
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PaccMOTpUM «IOHBIIKO» ITOApO6HEe.

i

Lad
1

L&)
-
|

CobCTBEHHO, HUYEro HEOXUAAHHOTO. JI0CTATOYHO OAHOTO
B3TJIA7A HA 3aflaHHY0 QYHKIUI0, YTOObI MOHATH: €€ 3HaueHne obpama-
eTcA B HOAb B TouKax 0, 1 n 3. I[IoCKONbKY 3TO ITOIMHOM, TO €CTECTBEHHO
OXWUJATb HaJNuUe JIOKAIbHLIX 3KCTPEMYMOB B UHTEpBalaX, OKPYKalo-
wux Hynu. [1o3ToMy TYT HyXHa 0c006as aKKypaTHOCTb PN 3alaHUU UH-
TePBaOB U30NANUN.

3apaB uHTepBan [-5;5], HAXOLUM MUHUMYM B TOuke Xx~1.904 u
3TO HEOXWUAAHHOCTb. MHTepBan [-5;1] MpUBOAUT K MUHUMYMY B TOYKe
x~0.263 (uTo oxupaemo). Murepsan [1;2] mMpPUBOAUT K OXuzaemon

TouKe x~1.904.
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MoHO YTBEPXKAATb, YTO METOZ YCIIEUIHO CITPABJIAETCA C IT0A00-
HBIMW  QYHKLUAMU IIPU HAZIMUWUU TTPABUWILHOTO IOAXOAA K BHIOOPY MH-
TepBasla U30NALNUN.

[locnepHuit mpuMep — 3TO ellle OfHA «TPYAHaA» GYHKUUA,

MUMeto1an paspsIs.

y(x) = (x + 2)e’/x
14 4 l

12

10

L]

JIoKanbHLI MUHUMYM ¥ GYHKLUU €CTb U OH HaXOAWUTCA B TOYKE
x=2. 0co6eHHOCTb B TOUKe X=0 CO3[aeT onpeneleHHble TPYAHOCTU TIPU

BbIUUCJIEHUWU, HO MbI ITOMHUM, 4YTO ITPU pa60Te C I1aBalolllen TOYKOU
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PascalABC.NET 3.2 yMeeT caMOCTOATENbHO YIIPABAATLCA C leJIeHUEM Ha
HOJb, He AiaBas MepenonHeHuit. A Bot cymeer nu FMin?

var fun:real->real:=x->(x+2) *Exp(1/x);
var oL:=new Fmin(fun,-1,3);
Println(oL.x, oL.Value);
Ina orpeska [-1;3] monyueHnt 3HaueHusa 1.99999999814853

6.59488508280051 1 3TO OTAUYHLIN pe3yabTaT. A BOT 0Tpe3oK [-5;3]
IT0Ka3al APYyroN MUHUMYM, KOTOPHIA Ha CAMOM Jiefle He ABAAETCA TaKo-
BbIM: -0.00083255433715704 0. dynkuua cnesa Aullb CTPEMUTCA K HY-
7110, HO He JOCTUTaeT ero. TyT Bce 3aBUCUT OT UHTEPIIpeTalm pe3ybTara.
lim y(x) =0
x—0~
lim y(x) = 400
x—-0%
4.9.2. MHOromepHaa onrumusanua (FMinN)

Pentenune 3agaun MHOTOMEPHOW ONTUMU3AUUU ABAAETCA JOCTA-
TOYHO HempocTow mpobnemoin. 06bEM BHIUUCIEHWUIL PACTeT IO CTEIeH-
HON QYHKUUU C YBEIUUEHUEM KOAUUECTBA apryMeHTOB. Ecnv ans opHo-
TO apryMeHTa TpeboBanoch, K mpumepy, caenarb 100 BLIYUCIEHUN, TO
LNA MATU MOHAA00UTCA chenath He MeHee 10 MWILIMAPLOB TaKUX BHI-
YUCNEHUN.

[IpuHATO pasnnuaTh NpPAMBIE U KOCBEHHLIE METOABI OIITUMMU3A-
nuu.

[IpAMble MeTOLBl OCHOBAHBL HA BHIYUCIIEHUN 3HAUeHUI QyHKIUK
0 Habopy 3HAYeHUil e€ aprymeHToB. KocBeHHbIe — Ha UCITONb30BAHNUN
YCJI0OBUW MaTeMaTW4yeCKOTo OIlpefefleHus 3KcTpemyMmoB. Mcmonb3osa-

HUe IPAMbIX METOA0B IPUONMKAET penreHue myTeM utrepauuii. Kocsen-
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Hble METOZbI BEAYT K pelreHuio 6e3 pacCMOTPeHUs TOYeK, TAe JKCTpe-
MYMOB OBITb HE MOXET. B MpAMBIX METOZAX WCIMONb3YEeTCA TOJbKO BHI-
YUCJIEHHOe 3HavyeHue (QyHKUWUM, [T0ITOMY OHM ellle Ha3bIBAIOTCA METO-
IaMU HYNeBOTO MmopsfKa. KocBeHHble METOAL TPeOYIOT BHIYUCAATD TaK-
K& ITePBYI0 X BTOPYIO MPOU3BOAHLIE QYHKLUU U HA3HIBAIOTCA METOfAMMN
IIEPBOTO U BTOPOT'O MTOPSAKA COOTBETCTBEHHO.

K MeTomaMm HyneBoro MmOpsAika OTHOCAT MeToabl Po3eH6poka, Xy-
Ka — JKWBCa, CUMIUIEKC-METOf, METOAbI, WCIO/Nb3VIOlue ClyvaiHbe
yucna. K merogam mepBoro mopsjka OTHOCAT TPAfMEHTHbLIE METOLbIL.
MeTopbt BTOpOTO MOpsAAKa — 3TO, Hampumep, metop [ssupona — dner-

yepa - [layanna.

JIo60o cyumecTBYOWWUIA B HACTOAILLEE BPEMS aATOPUTM MHOTO-
MepHOW ONMTUMU3AUUN TT03BONAET HANTU TONbKO OLUH U3 SKCTPEMYMOB,
a KaKoWl UMEHHO - 3aBUCUT OT BLIOOpA HAYalbHOTO Mpubnuxexus. B
obmeM cnyyae 3QGEKTUBHLIMU MOTYT OKa3aTbCA KOMOWHUPOBAHHbIE
MeTOAbl, B KOTOPHIX CHavana HaXOJATCA HEKOTOpPble HayalbHble IIPU-
O1VKeHUNW MPOCTHIMW PA3HOBWUAHOCTAMW METOZLOB IPSAMOTO ITOWUCKA, a
3aTeM [leN1aeTci YTOUHEHUE C UCIIONb30BAHUEM 00Jlee CILOXHLIX METO-
LOB.

[loyemy pna peunreHua 3afgady MHOTOMEPHOW ONTUMU3AUUU UMe-
€TCA CTOJIbKO Pa3NNYHLIX METOZ0B W HU OUH U3 HUX He ITPU3HAH Hau-
nyymnm? Bce peno B xapakTepe uenesbx GpyHKumit. Ecnn ouu rnapkue,

TO N11060W IPOCTOI MeTop faeT bLicTpoe xopoulee peureHue. K coxane-
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HU10, TAaKUX 11eJ1IeBbIX QYHKLUI oueHb Mano. ['opasno yaule BCTpevaloT-
Csl KIUJLOXUEY C TOUKU 3pE€HUA ONITUMU3ALUU QYHKLUY,

PaccmoTpum QyHKLMIO ABYX apryMeHTOB. BBepeM moHaTne «iu-
HUA YPOBHAY - IMHUU HA IUIOCKOCTY, BO BCEX TOYKAX KOTOPOW QYHKLUA

IIPUHUMAET OAHO U TO X€ 3HaYEHUE.

X2

Y=10

Y=5

= D
Y=0 ‘>
Y=-

Y=-10

\

Y=-18 f 1

X

Ecnn BCOMHWTB, Kak CTpouUTcA penbed Ha Tomorpapuyeckon
KapTe, MOXHO IIPELCTaBUTb 3TO U300paXeHue, Kak HekoTopyto amy. Ha-
IIPUMED, MBI MOXEM CYUTATbh, YTO €€ BHEWIHWW Kpal HaXOAUTCA Ha Bbl-
cote 10m. Cnepyoman 3aMKHYTas KPUBAA COEAUHAET TOUKU AMHI, TZe
BbICOTA paBHa 5M. U Tax panee. [IHO Haulen AMBL — 3TO OTMeTKa -18
MeTpOB.

[TpounntocTpupoBata paboTa MeToAa MOKOOPAUHATHOTO CITYCKA.
Bepercsa HexoTopas Touka. U3 Hee flenaeTca mar 1o nepBoMy aprymeH-
TY B HallpaBleHUW, YMeHblIaoneM 3HaUeHne QyHKuun. 3aTeM fenaerca
WIAXO0K [0 BTOPOMY aprymeHrty. Ilonydaem HoByw TOouKy. IloBTOpsem

3TW 1Iaru, IoKa He OKaXeMcA Ha aHe AMbl. IIouck BemeTcAa METOROM
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P06 M OUIMOOK: ecnu IMPU OYepefHOM LIare 3HaueHne QYHKLUU pacTeT
— IenaeM YABOEHHbII 1Iar B 06paTHOM HAIlPaBIeHUN.

C Bupmy BCce mpocTo M pocTaToyHo 3¢dekTuBHo. Ho eme
JI.LH.ToncTon B CTUXOTBOPEHUU, ITOCBALLEHHOM KprIMCKOM BOVMHE Mucan:
«Yucro BrucaHo B bGymare, [Ja 3abbiu mpo oBparu, A M0 HUM XO-
OUTb...».

OBparn y MaTeMaTUKOB TOXe eCTb. TouHee, eCTb ITOHATUE «OB-
paxHaa QyHKUMA». ITO TaKas, Y KOTOPOW IMHUU YPOBHA UMEIOT TOUKU
nsnoma. Ilouemy Takoe cTpaHHOe Ha3BaHue? BcromHuUTe, Kak Ha KapTe
BHIIIAAUT oBpar. [IoKOOPAUHATHLINA CIYCK B 3TOM Cly4yae He paboTaer.
Kpome Toro, mpu momajaHuu B 04HO U3 OTBETBJIEHWW OBpara, UIAHCOB

nepebparbcs B Apyroe, 6onee rinyboKoe, IPaKTUYECKU HET.

_— — 1

llpyras mpobneMa mopcTeperaeT Hac Ha QYHKLUUAX TUNA «Ta-
penka». ¥ Takon GyHKUMUN O60blIOe MI0CKOe «AHOY» - 1ieJ10e AHUIlE, T.€.
€€ MWHWUMYM LOCTUIAeTCA [Jis OTPOMHOW KOMOWMHALMW TMApaMeTpoB U
MHOTUEe METOALI 3alUKIUBAIOTCSA, TIOMAZlasa Ha 3TO [AHO W ILITAACh HAUTU
HalpaslleHue AjiA Clefylouero uara.

Eme opHa, yacTo BCTpevatomascs npobnemMa — Haanuue pasnny-
HbIX OTPaHWNYEHWW, HAKIaAbiBAEMbIX Ha APTYMEHTHI, TaKUX KaK leno-

UYUCJNEHHOCTb aPrYMeEHTa, ITPUHAANIEXHOCTb K OIIpeNeleHHOMY WHTEP-
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Baly U T.A. Pemrutb 3Ty mpobneMy 4acTo IOMOraeT BBefeHue wITpad-
HON QyHKUUMN.

IlTpadHan GyHKLUUA CTPOUTCA Tak, UTOOLI Nt0O0e HapylieHue
YCJIOBUW YBENWUYMBANO 3HaueHue 3Ton QyHkuuu. Kaxpoe HapymeHue
MOXXeT BHOCUTb BKJaZ B POCT 3HAYeHUA WTpahHOW GYHKIUKN B 3aBUCK-
MOCTW OT BEJMMWHBI 3TOTO0 HapyuleHua u ero BaxHocTu. LlTpadHasn
GYHKUMA CKNAALIBAETCA C LeNeBON W ONMTUMU3UDPYETCA pe3ylibTUPYIO-
masa ¢yuakuma. K coxanenuto, BBectn wrpadguyio GyHKLMIO MO3BONAET
He KaXJbIN METOZ ONITUMU3ALUN.

EcTb v apyrue mpobnemsl, HO AaxKe MepeyucieHHble M03BOAAIOT

IIOHATDb, UYTO 3a/lda4d OIITUMU3AUN — OTHIOAb HE ITPOCTAA 3daa4da.

4.9.2.1. Iouck muHumyma memodom Xyka-J>xusca

Knacc FMinN copepxut metop HJ, HamucaHHbI Ha OCHOBE ITPO-
rpamMmbul 13 makera TOMS178 Minimization by Hooke-Jeeves Direct
Search (FORTRAN-90 version by John Burkardt). Dept. of Scientific
Computing, Florida State University.

Anroputm Xyka — Ixusca (Hooke R., Jeeves T.A., 1961) peuraer
3a7jauy OIITUMU3ALUN TYTEM NPUMEHEHUA ABYX I0A33Aad — UCCIenyto-
ero mMOWCKa M TOUCKA Imo o6pasuy. OH mpepmonaraer, YTo leneBas
GyHKUMA YHUMOJANbHA (T.e. UMEET OfMH SKCTPEMYM) U OrPaHUYEHUA
OTCYTCTBYIOT. ECU 3TN YCN0BUA He BHITONHAOTCA, PE3YIbTAT OMTUMU-
3alMN MOXET OKa3aTbCA HeBepHHIM. (yllecTBYIOT MPUEMBL, ITO3BOJAD-

mue 06X0AUTb 3TU ycn0BuA. PaboTa anropurma xopouro onucaxa B [8].
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Ecnu byHKUUA He YHUMOLalbHA U aITOPUTM BCTPEYAET JI0Kalb-
HBIL MUHUMYM, UMEETCA CYLeCTBEHHAA BEPOATHOCTb, UYTO 3TOT MUHU-
MYM IOCJle YTOUHEHWUS CTaHeT pelieHueM. JTUM O0OBACHAETCA OvYeHb
007blIas BaHOCTb IIPABUALHOTO BLIOOpa HabOpa apryMeHTOB, ONpese-
JIAI0LIETO CTAPTOBYIO TOUKY pelrenus. [Ipobnemy Takoro Bri6opa MOryT
IIOMOYb PEUIUTDb BKIIIOUEHHbIE B KJ1aCC METOABI CIYYaiHOT0 IIOUCKA.

PaccMoTpuM cxeMbl pelreHus 3afay OMTUMMU3ALUN IIPU TIOMOLN
meropa HJ.

I. B 3apaye HeT OorpaHUvYEHUN, HavajlbHOe NPUOAUXKEHUE U3-
BECTHO.

B KauecTBe CORepKaTeNbHOTO IPUMEpPA HANEM MUHUMYM
dbyHukummn Posenbpoka ¢ HavanbHbIM mpubnwxeruem (-1.2 ; 1.0). Jta
GyHKIUA TOYTU BCETrAa WUCIIONb3YeTCA A OLEHKU anropuTMOB ONTU-
MU3alMK, TIOCKOJbKY ITOUCK €& T100anbHOr0 MUHUMYMA CYUTAETCA He-
mpocroii 3apavent. dyrkuua Pozenbpoka umeeT rnob6anbHbIi MUHUMYM
0 B Touke (1,1).

1. OmuceiBaem nenesyto GyHKuuio ¢ aprymenTamu x[0],x[1], ...

function f(x:array of real):real; // ¢pyHryus PoseHb6poka
begin
Result:=100*Sqr(x[1]-Sqr(x[0]))+Sqr(1-x[0])
end;
2. 3ajlaeM BEKTOP CTAPTOBOTO pelIeHUA
var xb:=Arr(-1.2,1.0);
3. Co3paem ob6bekT knacca FMinN
var oL:=new FMinN(xb, f);
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4. HaxopuM KOHeYHbLI BEKTOD pelIeHns
var r:=oL.HJ;

5. BeIBOAWUM pe3ynbTaThl
Writeln('Konuuecmso umepayuti: ,oL.iter);
Write('3nHaveHus apeymenmos: '); r.Println;
Writeln ('lTonyuenHoe 3HaveHue QyHKkyuu: \f(r));

PesynbraTs:

KommuecTBO MTepaumi: 19
3HaueHusa apryMeHTOB: 1.00000076293945 1.00000190734863
[ToslyyeHHOe 3RHaueHme QyHkumMM: 1.51339481672938E-11

Meron, HJ nmMeeT Tpn mapameTpa CO CleAyOWUMKU 3HAYEHUAMU
o ymonyanuio: eps=1e-6; rho=0.5; itermax=5000, onpepenatomme co-
OTBETCTBEHHO TOYHOCTb pelieHus, apaMeTp U3MeHeHUA uIara u Impe-
IeNbHOEe KONUYECTBO UTepaunii. [[Ba mocnefHnx mapamerpa 6e3 BeCKUx

IIPUYWH NIyvlIe He TPOTraTh.

II. B 3apaye HET OrpaHUYEHWUN, HayalbHOe MPUONUKEHUE HEU3-

BECTHO.

®yHK1MA, UMeeT [Ba paBHBIX MUHUMYMA CO 3HaUeHUeM -5 B TO4-
Kax ¢ koopauuatamu (-v2,V2) u (V2, -V2).
flx,y) =x*+y* —2x% + 4xy — 2y* + 3 > min
Anroputm Xyka-J[)uBca TpebyeT 3aaTb HavaibHOE MTPUOIUIKE-
HUWe, a TI0 YCI0BUIO 33aYu ¥ HAC ero HeT. 3afafiuM HadalbHY0 TOYKY
(0,0) 1 MOCMOTPUM, UTO ITONYUNUTCA.

var f:function(x:array of real):real:= x->Power (x[0],4)+
Power(x[1],4)-2*Sqr(x[0] )+4*x[0] *x[1]-2*Sqr(x[1] )+3;

var xb:=Arr(0.0, 0.0);

var oL:=new FMinN(xb,f);
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var r:=0L.HJ();
Write('Bexmop apeymexmos: '); r.Printin;
Writeln ('3HaueHue gyHryuu: |, f(1));

Pesynbrats:

BexTop aprymeHToB: 1.41421318054199 -1.41421318054199
BHaueHre OQyHKUUM: -4.99999999999767

MuHUMYM HalfeH. A KaK ObITb CO BTOPHIM MUHUMYMOM? MbI MO-
K€M IIOTBITATbCA BAapbUPOBATb KOOPAMHATHL UCXOLHOW TOUKU. JKCITe-
pPUMeHT ¢ Habopamu koopauHar (-20,-20), (-20,20) pan Te xe 3HAYEHUA.

B T0 e Bpema Habopst (20,-20) u (20,20) panu peurerne

BexkTop aprymMeHTOB: -1.41422271728516 1.41422271728516
BHaueHre OQyHKUMM: -4.99999999865899

Msbt McKanu AiBa peureHus MOTOMY, UTO 3apaHee 3HajAu: UX ABa. B
PeanbHbIX YCI0BUAX TAKOTO 3HAHWUA, KaK ITpaBwuilo, HeT. B mopo6HoOM cun-

TYallun MOXET ObITb MOJIe3HBIM CJIYYaNHbIN TOUCK.

4.9.2.2. CnyuaiiHwlil nouckK

Knacc FMinN copepXuT yeThipe MeTOAa, OCHOBAHHbLIE Ha CIy-
YaHOM IOUCKE.

Bephemca k ananoruu c amown. Ecan monper noXab, TO Kaxmaa
KaIia yIaZeT Ha HEeKOTOpOe MeCTo B 3TON AMe. (paBHUBAA OTMETKU
ryOuUH, Ha KOTOPBIX OKAa3aJUCh KAIUIW, MOXHO CAEJaTb BHIBOJ, O Pejlbe-
Ge, B 4aCTHOCTY, HANTU CaMble T1yOOKWE MecTa U UX KONN4ecTBo. ['nas-
HOe — YTOOBI ObIIO0 JOCTATOUHO Kallellb U OHU Majaau paBHOMEPHO. A

3TO MOXEeT 00eCIeYnTb JATYNK CAYYANHLIX UUCE]L.

IlepBbin n3 Mmeropos, MKSearch, peanusyer knaccuueckuit an-

roputm Monre-Kapno.
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Ecnu MUHUMYM He OLUH, MOXHO HECKOJbKO pa3 06paTuThcs K
MKSearch v mpoaHanusnpoBaTh pe3yabTaTh.

var f:function(x:array of real):real:= x->Power(x[0],4)+
Power(x[1],4)-2*Sqr(x[0] )+4*x[0] *x[1]-2*Sqr(x[1] )+3;

var a:=Arr(-20.0,-20.0);

var b:=Arr(20.0,20.0);

var y:real;

var oL:=new FMinN(af);

oL.MKSearch(a,b)y);

Write('Bexmop apeymermos: '); oL.x.Println;

Writeln ('3HaueHue gyHxyuu: |, y);

3nech a — BEKTOP Hava/lbHBIX 3HAUEHWUW IPAHUL] TTO KAXK0MY ap-
TYMEHTY, b — BEKTOpP KOHEUYHHLIX 3HAaYeHWUW. Y MeTO#A eCTb YeTBEPTLIN
ITapaMeTp m, IPUHUMAKWUNA 0 YMONYaHUi0 3HaueHue 1000. 3To uucno
WUCIILITAHUW - TeX CaMbIX «Kallelb JoxAA». HaWpeHHBIW BeXTOp apry-
MEHTOB AABJIETCA CBOUCTBOM X Knacca FMinN.

PaccMOTpUM pe3ynbTaT MATUKPATHOTO 0OpallleHus K 3TOMY Me-
TOAY C rpaHuuamMu ot -20 1o 20 Mo KaXAOMY apryMeHTy.

BexTop aprymeHTOB: 1.2654088164053 -1.64368239307948
BHaueHre OQyHKUMM: -4.06245279895189

BekTop aprymMeHTOB: 1.29792704307378 -0.892074956042727
BHaueHre QyHKUMM: -3.1209971083186

BekTop aprymMeHTOB: 1.66633742939045 -1.37476657581272
BHaueHre OQyHKUMM: -4.21463667660643

BexTop aprymMeHTOB: -1.03002524982674 0.759174088369669
BHaueHre OQyHKUMM: -1.94467546413463

BexTOop aprymMeHTOB: -1.44708926856848 1.60030805580332
BHaueHre OQyHKUMM: -4.62949418968186

BekxTop aprymMeHTOB: -1.46613692001725 1.41936480133765
BHaueHre OQyHKUMM: -4.97304424548323
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OnvH U3 MATW BLI30BOB aJl MUHUMAJbHOE 3HauYeHUe QYHKUUU.
Ormerum BekTop X(-1.47, 1.42) n 3HaueHune f=-4.97.

EcTb TOX0XWit BEKTOP, AAI0LNIA HECKOJIbKO OOJblilee 3HaUYEHNE —
0TOpPOCUM €ro.

BexTop (-1.03, 0.76), BO3MOXHO AaeT KaKOM-TO JIOKaNbHbIN IKC-
TPEMYM; BO BCAKOM Cly4ae, II0Ka OTOPACLIBATL €TI0 He CTaHeM, IIOCKOJb-
Ky ero 3HaueHWA [OCTATOYHO Aaneko Haxoparca ot (-1.47, 1.42).

Bexrop (1.27, -1.64) paet eule oaguH MUHUMYM Y=-4.06.

BexTop (1.28, -0.89) MOXHO OCTaBUTb, MOXHO OTOPOCUTb. [lo-
IIyCTUM, OTOPOCUM €ro.

Tenepb MMONE3HO ITOBTOPWUTb ITOUCK, COPMWUPOBAB I'PaHULLL B
OKPECTHOCTAX OCTaBJIEHHLIX BEKTOPOB.

[ins mepBoro BexTopa mpumeM rpanuust a(-2, 1), b(-1, 2). MHuo-
XecTBeHHble Bb30Bb MKSearch Bo3BpamaioT ImpuMEpPHO OAUHAKOBLIN

pesybrar

BexTop aprymMeHTOB: -1.42195035024637 1.42478648686073
BHaueHue QyHKLIMM: -4.99860143398751

[IpuMeM 3a HavanbHYO TOUKY BeKTOp (-1.42, 1.42) co 3HaYeHU-
eM byHKuuUmn -5.
[lnsa BTOpOTO BeKTOpa puMeM rpaHuus a(-1.7, 0.5), b(-1.3, 0.9).

Bri3oBst MKSearch Bo3BpamaT mpumMepHo cnepyommin pesyabrar

BekTop aprymMeHTOB: -1.33035008200926 0.897994584589263
BHaueHue OQyHKLUMM: -3.14846520672297

JTO MOXET OLITH JIOKAJIbHLIL MUHUMYM, 2 MOXET OLITb ITPOMEXY-
TOYHAf TOUKAa. Be3 3HAHWUA [OMONHWUTENbHLIX YCI0BUIL HUYETO YTBEp-

XOaTb HEJlb3A.
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Ha ocHoBe mocnepHero oCTaBleHHOTO BEKTOpPa IPUMEM TDaHU-
ust a(1, -2), b(1.5, -1.3). Buisosst MKSearch Bo3BpamaioT mpumepHO

OZIMHAKOBLIN pe3yibTaTt

BexTop aprymMeHTOB: 1.40756581393423 -1.39751597065363
BHaueHue OQyHKUMM: -4.99724190165322

[IpuMeM 3a HayanbHY TOUYKY BeKTOp (-1.41, 1.4) co 3HaUeHUEM
bytkuum -5. Termepb MOXHO ABaXAb 00paThes K MeTony HJ u yTouHUTh

peuieHue.

Bropon Mmeros, HasBaHHbI BPHS, peanusyer anroputm Hau-
Jlyquiei po6bl ¢ HATPaBAAOLUM TUIIEPKBAIPATOM.

Anropurm Monte-Kapno umeer nBa HEOCIOPUMBIX IIpeuUMyLie-
CTBa Ilepef BCEMU IIPOUYUMU METOLAMU OIITUMMU3ALUN: OH OUeHb IIPOCT U
abCcon0THO YHWUBEpCaneH. YBL, HA 3TOM ero JOCTOUHCTBA 3aKaHYWUBaA-
torcs. OH MueT BCeraa NULUIb OAUH, T100abHEIN Ha 3alaHHOM UHTEpBa-
7e MMHUMYM. [la 1 HaXOAUT ero ¢ 0UeHb HU3KON TOYHOCTLIO, €CNU Aua-
ITa30H A0CTATOYHO WINPOK. Brille Mbl pacCMOTPENN «IIaMaHCTBOY» C 3TUM
AITOPUTMOM, KOTia QYHKLUA UMena [iBa MUHUMYMA.

[TonyyaeTcs, UTO WIMPOKWE TPaHULBL — 3TO IJI0XO JJj18 TOYHOCTU
W TN0XO0 ANA HAXOXAEHUA JI0KaNbHBIX MUHUMYMOB. Y3Kue rpaHuus —
3TO TOXe II0X0: MUHUMYM Ha CaMOM [ieJle MOXeT 0Ka3aTbCA Heflazneko,
HO... BHE ofjHOW 13 rpanul. [Io3ToMy X0Tenoch 651 UMETL METO, KOTO-
DbI/ YUUTLIBAET 33laHHble IPAaHULbL, HO B ITpoliecce paboThl UX «IIOLBU-
raeTy, eCAn 3TO OKasbiBaeTcA mone3HsM. OLHUM U3 anropuTMOB, peanu-
3YI0LIUX TaKoe TOBefEeHUE, ABIAETCA ITOPUTM Hawlyudllel MMpobsl C

HaImpaBnAoUM runepksagpaTom [13].
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®aktuueckn, meron BPHS 3aHumaercs TeMm e, yeM Mbl 3aHUMa-
JIUCh, KOTZA MHOTOKpaTHO Bhi3biBanu MKSearch: xoppexTupyer BeKTOpLt
IpaHul] 10 pe3ylbTaTaM KaXAOTO BbI30B3, CTPEMACH HAWTU MUHUMYM
byHKkuun. Pacmnaroit cnyxut ysennyeHue BpeMeHn paboThl, TOCKObKY
MKSearch Bui3biBaeTca k pas, menas mpu Bbi30Be m mpob. ITo HEManO.
Ho To, uTO 6BINO «IpecTymneHnem» Ha IBM mBa mecATwneTus Hasap,
cenyac He3aMeTHO: JlaKe IPU MWLIUOHAX BbLIUUCIAAEMBIX TOYEK CYeT
WULET Ha CeKYHADIL.

[lpurumn pabots anropurmMa BPHS mpome Bcero moHATb Ha
IIPUMEPE BCE TOTO Xe ITOUCKA CaMOMN IIyOOKOW TOUKU B «AMe» - 33[jaun
onTuMuzauun QYHKLUMWU [BYX IepeMeHHHX. IIycTb Mbl uMeeM HeKoe
IIPAMOYTOJIbHOE IT0J1€, Ha KOTOPOM BLIKOIIaHA fiMa. [Ioka 4To MbI He 3Ha-
eM, IJile UMeHHO OHa pacrojaraercs. [lomecTuM B LleHTp IONA Havajno
CUCTEMBI KOOPAMHAT, a TPAHULL TIONIA 3alaAiUM 3HAUYEHUAMU KOOPAUHAT
YeThpeX TOUYEK, B KOTOPLIX 3TWU I'PaHULbl ITIEPECEKAOT KOOPAUHATHLIE
ocu. Habopst 3HaueHWt KOOPAMHAT a U b 06pa3yI0T UCXOAHLIE BEKTOPHI

HavalbHbIX U KOHEYHBLIX 3HAYEHUMN.

- X

dy
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[IpumenuM K BhifeneHHoMmy nonto Meron MKSearch, koTopsiii
0ACT HaM HEKOTOPYI «Hawnyyuryio» TOYKy. IlpumeM 3Ty TOuYKy 3a
LJeHTP HOBOTO NPAMOYIOJbHUKA, OJHOBPEMEHHO BABOE YMEHBIIUB €ro
I'PAHULBL ITO KAXKAOMY U3MEPEHUI0

y

A

Mbr MOXeM MOBTOPATb 3TOT ITPOLECC MHOTOKPATHO, Hallpumep,
ITOKa OJVH U3 IMHENHBIX Pa3MePOB IIPAMOYTObHUKA HE CTaHET PaBHLIM
HYJI10 C MAlIMHHOW TOYHOCTb10. JIN6O, MOBTOPATL YKA3aHHOE YUCII0 Pas.
JIn6o ucronb3oBaTh Kakon-To MHOW Kpurepuit. Meton BPHS mo ymon-
YaHu1o penaer He 6onee k=100 uraros, HO IPU 3TOM Takxe Habnonaer
32 ANIMHOW IO KAXA0MY U3MEPEHUI0.

Ecnn 06061UTL 3TOT aNrOPUTM Ha CyYal OMTUMU3AUUN QYHK-
MM N TIepEMEHHBIX, TO OH OyAeT paboTaTb C HEKUMU «TUIEPIIPSAMO-
YTONbHUKAMU» B N-MEePHOM IpocTpaHcTBe. IloueMy B Ha3zBaHUU anro-
PUTMa yKas3aH rumepksaapar? HasepHo, insa 61aro3syyus — MmaTemaTu-

KU MHOT'a TTO3BOJIANOT cebe 1'[0JJ,06HbIe BOJILHOCTU.
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Ecnu paboTy MeToza CBOEBpEMEHHO He NpepBarh (T.e. 3aAaTh
bonburne 3Hauenus m u k), oH HaljeT MUHUMYM C MAUIMHHOW TOUHO-
CTbI0 W HUKAKUE LpPYyTue MeTOAbl He MOoHanobATca. [Ina 60nbuoro Konu-
YecTBa [TAPAMETPOB 3TO MOXET OLITb JOITUM IIPOLECCOM, ITOITOMY TYT
BaXKHa yMepeHHOCTb. He caman nmnoxan uaea — BOBpeMsa 0CTAaHOBUTLCA U
3aTeM YTOYHUTb IToNyYeHHoe pemeHune metonom HI (4.9.2.1).

[IpounniocTpupyem mpumep pabotst ¢ meronom BPHS ans pac-

CMOTPEHHO Bbille GYHKLUM

flx,y) =x* +y* —2x%2 + 4xy — 2y? + 3 > min
var f:function(x:array of real):real:= x->Power (x[0],4)+
Power(x[1],4)-2*Sqr(x[0] )+4*x[0] *x[1]-2*Sqr(x[1])+3;
var a:=Arr(-20.0,-20.0); // HUXHue epaHuybl
var b:=Arr(20.0,20.0); // BepxHue 2paHuybl
var y:real; // 3HaueHue pyHKYUU
var oL:=new FMinN(q,f);
oL.BPHS(a,by);
Write('Bexmop apaymexmos: '); oL.x.Println;
Writeln ('3HaueHue gyHxyuu: |, y);
Pe3ynbTaThl MATUKPATHOTO 3aMlyCKa MTPOrPaMMbl:

BekTop aprymMeHTOB: -1.41421431756713 1.41421404746594
BHaueHre QyHKUUM: -4.99999999999341

BexkTop aprymMeHTOB: -1.41421356168858 1.41421356425442
BHaueHre QyHKUMM: -5

BekTop aprymMeHTOB: 1.414213875863 -1.41421393243357
BHaueHre OQyHKLIMM: -4.99999999999811

BekTop apryMeHTOB: -1.41421356063545 1.41421355949525
BHaueHre OQyHKLUMUM: -5

BexTop aprymMeHTOB: 1.41421356078401 -1.41421356905899
BHaueHre QyHKLUMM: -5
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Haiipenst 06a skcTpemyMa. IlonyyeHHoe penreHne oKas3biBaeTcs
Jaxe TouyHee, yeM I10 MeTony XyKa — [xusca. Ilo BpeMeHU OHO BHIIOJ-
HAETCA TaK Xe — 3a JONIN CeKYHTHI.

Meton BPHS xopour TeM, YTO OH BCerga 3aBeplLIaeTCA U BCErAa
HaXOAWUT HEKOTOPHLIA 3KCTPEMYM B OKPECTHOCTAX IepBOHAYabHO 3a-
LOAHHbIX TpaHul. Ho ecnun skcTpeMyM He 0AuH U IepBOHAYalbHbLIE I'Pa-

HULLL OITPpeNelI€Hbl HEYAAYHO, PE3YIIbTAT MOXET HEIIPUATHO YAUBUTD.

TpeTuit Merop, Ha3BaHHbIW BestP, mo3sonser ocBo6oanTbCA
OT PYTUHHOW paboTHl MO0 MHOTOKpPATHHIM Bbi30oBaM BPHS u mocnepyio-
WEeMy CPaBHEHWIO Pe3y/bTAaTOB KaXAOro Bbi30Ba. OH MPOU3BOAUT «p»
obpamennit k BPHS, coxpaHsfeT pe3ynbTaThl KaXA0TO BLI30Ba, a TIOTOM
CPaBHUBAET WX, BbIOUpAs U3 cXOXux nyvuve. Kpurepuit cpaBHeHus —
67130CTb 3HAYEHWIl BCEro Habopa MmapaMeTpoB B KaX[oil IMape mpoo,
KOTOPLIN PEryaUpyeTcsa BEAUYUHON abCONIOTHON MOrpeurHocTy eps. Ilo
yMonyauuio mpuHATO eps=0.01. 3apaHune BLICOKOW TOUYHOCTU YBENUYU-
BaeT KOJWYECTBO PE3Y/bTATOB, IPU3HABAEMbIX pa3nuuHbiMu. [Ipu ye-
pecyyp HU3KOW TOYHOCTWU YaCTb JIOKAJbHBIX MUHWMYMOB MOXET ObITb
IoTepAHa.

Pabora Metona BestP mokasaHa Ha mpuMepe MOUCKa MUHUMYMa
byHKIUKN, TPVUBELEHHOW BhILIE.

var f:function(x:array of real):real:= x->Power (x[0],4)+
Power(x[1],4)-2*Sqr(x[0] )+4*x[0] *x[1]-2*Sqr(x[1])+3;

var a:=Arr(-20.0,-20.0); // HWxHUe 2paHuybl

var b:=Arr(20.0,20.0); // BepxHue 2paHuybl

var x:=new real[a.Length]; // 0na koHcmpykmopa MinHJ
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var oL:=new FMinN(xf);
var r:=0L.BestP(q,b,0.01);
var y:real;
var fet:=f(Arr(Sqrt(2),-Sqrt(2)));
foreach var t in r do begin
(vx):=(t[0],t[1]);
Write('Bexmop apeymermos: '); x.Println;
Write('A6c.noepewrHocmu: ');
x.Foreach (z->WriteFormat('{0:0.0e0} ,Abs(z)-Sqrt(2)));
Writeln;
Writeln ('3Hauenue gyHxyuu: |, y, , abc.noepewHocms: ,Abs(y-fet));
Writeln
end
[TonyyeHHbIE pE3YAbTATHL:

BexTop aprymMeHTOB: -1.41421355926384 1.41421356822497
ADc.norpemHoCTM: -3.le-9 5.9e-9
3HaueHre QyHKIMM: -5, abc.norpemHocTb: 0

BekxTop aprymMeHTOB: 1.41421356623548 -1.41421356244106
ABc.norpemHoCcT: 3.9e-9 6.8e-11
BHadveHre QyHKUMM: -5, abc.norpemHoCcTb: 0

Pe3ynbTaThl B JAHHOM C/ly¥ae OKa3aluch npeBocxopHbiMu. Hant-
LleHH 002 MUHUMYMA, TOYHOCTb IO apryMeHTaM He XYXe BOCbMMU 3Ha-
KOB, TOYHOCTb IT0 QYHKLMU B IIpeZiefiaX MAUIUHHOW TOYHOCTM!.
Cnenyer oTMeTuTh uTO MeTOZ BestP Bo3Bpamaer cmucok List, snemen-
TaMU KOTOPOTO ABNATCA KopTexu <(real, array of real)>. B mpusepen-
HOM ITpUMepe UCIONb30BaH 1k foreach, B KOTOPOM KaXablit 31€MeHT
cmucka List, mpencTaBnsaomuii co6oii pelnreHne, pacakoBbLIBAETCA B Te-
peMeHHY0 V (3HaveHue QyHKUMM) U MAccUB X (BEKTOP apryMeHTOB)

omeparopom (y,x):=(t[0],t[1]).
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Yerseprbint MeTop (ARS), HamucaHHBIN Ha OCHOBE QNrOPUTMA,
IIPUBELLEHHOTO B [14], peanusyeT afanTUBHbIA CYYaiHbI ITOUCK.

Kak u B anropurme Xyka — J[XuBca, IpuOAUKEHUE BeLETCA U3
3alaHHOMN Touku. Kaxpaa mocnepyoman Touka ulleTca B Ipefenax I'v-
nepcdepst (BcrioMuHaeM runepky6 anropurma BPHS), ueHTp KoTOpon
OTCTOUT OT IIPeAbAyLlell TOUKU Ha HEKOTOPLINA 1Iar, CeNaHHbIA B CNY-
YauHOM HampasneHuun. Ecnn 3TOT mar ynyvymiaer peunieHue, B HalpeH-
HOM HaIlpaBJleHUW [eNlaeTCA CIEeAyoLWiA LIar YBeAUYEHHOW ANUHBL. B
IIPOTUBHOM Clyvae [ielaeTca Lar yMeHblIeHHOW ANVHbL. Ecniv mipu 3ToM
pelleHne He YAYYLIAeTCA, OCYUIECTBAAETCA BO3BpAT B IIPEALIAYILYIO
TOYKY 11 IOVCKA HOBOTO HAIIPaBJleHUA.

Hemnoxaa anbrepHatmBa anroputmy Xyka — [Ixusca. Takxe
MOXET UCII0b30BaTbCA /1A ITOBLILIEHUSA HALLEXKHOCTU pelreHus (3apava
pemraeTcsi 060UMU METOAAMU W Pe3yJlbTaThl CPAaBHUBANTCA), 1MOO Mo-
XeT CLYUTb [TIePBLIM LIATOM pelIeHUA C MOCeAYIOIUM YTOUHEHUEM.

[Tpumep paboTst ¢ MeTopoM ARS ansa MuHMMMU3AUN QYHKLIUK

F(x,y) = 4(x = 5)* + (y — 6)*
uses StudLib;

begin

var f:function(x:array of real):real:=

x->4*8qr(x[0]-5)+Sqr(x[1]-6);

var x:=Arr(-8.0,9.0);

var (t,R):=(1.0,1e-6);

var oL:=new FMinN(x,f);

oL.ARS(Rt);

Write("Apeymenmut: '); oL.x.Printin;

Writeln (‘3naueHue ¢yHxyuu: f(oL.x))
end.
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Pesynbrar

ApTyMeHTE: 4.99999981501099 5.99999980292426
BHaueHue QyHKUMM: 1.75722587828616E-13

4.9.2.3. Ilenesvie pyHKYUU € 02paAHUYEHUAMU

OmucaHHble BbILle METOABI PACCMATPUBANUCL AJIA ClyYaeB OTHI-
CKaHus 0e3yCJ0BHLIX 3KCTPEMYMOB, UTO OOLIYHO IpPEfCTaBAAeT abCT-
PaKTHBIN MHTepec. B peanbHbIX 33fayax BCErfa UMEKTCA HEKOTOpLIE
OT'PaHUYEHUA, HAllpUMep, Ha COOTHOLIEHUE MEXIY IapaMeTpaMu, nua-
Ia30H 3HaueHwit Lenesoit pyHkuuu. K cuacrsio, Bce nmpepnaraemsie me-
TOZALl MOXHO UCITOJ1b30BAaTb U [JIf TaKUX 3ajay, A/ Yero HeoOXOoAuMo
OIlpefiefleHHEIM 00pa3oM COCTAaBWUTL LiefieByt0 QyHKuwio. Briue yxe
YIOMMHANUCh wrpadusie yHKLIUN — Terepb YMEeCTHO IT03HAKOMUTLCA C
HUMU TTOGNNKeE.

IlycTb TpebyeTcsa HaNTU Makcumym ¢yskuuu F(x,y)=4x+3y-1 co
CNefylomuMU OTPpaHUYEHUAMMN

x+y<8
3y—2x<9
2x —y <10
x,y €{0,N}
3nech nmetcAa He MMHUMYM, a MakeumyMm ¢yHKuuun F, Ha B3au-

MOCBA3Db ITaPAMETPOB IIPU ITOMOLIN HEPABEHCTB HAJIOXEHLI TPU OT'PAHU-
Ye€HUA, a CaMU ITapaMETPLI AOJIXHDI ObITDb LE€J1ILIMU HEOTPULaTEJNIbHLIMU
UnNCj1aMu.

Takue 3a4a4n MOXHO 4aCTO BCTPETUTDL, HAIIPUMED, B 3IKOHOMUKE
U UX MMIPUHATO pellaTb CUMIIIEKC — METOLOM. Ho, BO-IIE€PBLIX, V HAC HET

TOTOBOW IIPOTPAMMBI, PEANU3YIOUEN CUMIUIEKC-METOZ, a BO-BTOPHLIX
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TpebyeTcs IMoKas3aTb, YTO MeTOAbl knacca FMinN mocraTouyHo yHuBep-
CaJbHbL U YCIIENIHO CIPABAIOTCA C MOLOOHLIMU 3ajauaML, IyCThb Aena-
10T OHW 3TO He OITUMAJIbHLIM 00pa3oM. TyT y Mmonb30BaTeNs BCETAA €CTb
BLIOOP: WCITON1b30BAaTb HEONMTWUMAJbHLIA, HO UMEIWUNCA IO PyKamu
WHCTPYMEHT, WIX TPATUTb BpeMA B IIOUCKAX AYYLIUX UHCTPYMEHTOB,
BO3MOXHO, CSKOHOMUB 3TUM CEKYHAY ITPOLLECCOPHOTO BpeMeHuU. Bcro-
MMHAeM HapOAHYI0 MOCNOBULY «3a MOPEM Teaylika — IMOAYLIKa, Aa
py67b IIepeBO3» U BO3BPALAEMCSA K PEUIEHUIO 337iauy MIOAPYYHBIMU Me-
TOOAMU.

[TomeHnB 3HaK QYHKIUW, TPUXOAUM K 0OLIYHO 3afjaye IToucKa
MUHUMYMA

f(x,y) =—4x -3y +1 - min

KoneuHo, 65110 6B OTAUYHO MOZABATD 11e/1€BOW QYHKIUU Cpa3y
lieJible YUCTa, HO... Bce MeTonbt paboTaloT ¢ BEKTOPOM BEIECTBEHHLIX
[TapaMeTpoB, TaK YTO GOPMUPOBATH Lie/1be YUC1A U3 BELECTBEHHBIX
IIPUZETCA WU B 11e71€BON PYHKUUW, UK VKe TI0 pe3ybTaTaM Ioucka.
OcraHOBUMCA Ha IOCEAHEM BapUAHTe.

Ecnu 6t He ObI10 CUCTEMBI OTPAHNYEHU, 33[laHHOW TpeMs He-
PaBEHCTBaMM, Ha 3TOM 00CYKAeHWeE 11e/1€BON PYHKIUU MOXKHO 6OLI10
CYeCTb 3aKOHYEHHLIM.

BBenem BcomoraTenbHyo QyHKUWUIO, BhIAaomyto nmrpad 3a Ha-
pylIeHune n060ro n3 orpaHnyeHunit. [I0CKONbKY MBI UlllEM MUHUMYM, B
KavyecTse mrpada MOXHO B3ATb HEKOe 60/bIIOe 3HAYEHUE, HATIPUMED,

MAlIMHHOE «I1I0C 6eckoHeuHocTb». Ecnu Hapymenunt Het, mrpad pa-
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BeH Hyno. CyMMma 3HaueHua mtpadHo GYyHKIUN C BBIYUCIIEHHBIM 3Ha-
yenuneM f(x,y) o6pasyer pe3yabTUPYIOLLYIO LleNeBY0 GYHKUNIO.

HonHaanporpaMmapemeHmasanaqm

uses StudLib;

function f(x:array of real):real;

begin
var x1:=x[0];
var x2:=x[1];
var s:=0.0; // wmpagHaa GyHKYuA
if x1+x2>8 then s:=real. MaxValue
else if -2*x1+3*x2>9 then s:=real. MaxValue
else if 2*x1-x2>10 then s:=real.MaxValue
else if x1<0 then s:=real. MaxValue
else if x2<0 then s:=real. MaxValue;
Result:=-4*x1-3*x2+1+s

end;

begin
var a:=Arr(0.0,0.0);
var b:=Arr(8.0,8.0);
var y:real;
var oL:=new FMinN(a,f);
oL.MKSearch(a,b,y);
oL.x.Transform(t->real(Round(t)));
Write('[lonyuexHble 3HaueHuA apaymenmos: '); oL.x.Println;
Writeln ('IlonyuenHoe 3HaueHue gyHkyuu: ,f(oL.x))
end.

Pesynbrar

[lojtlyyeHHEIE 3HAUEHUA apTyMEHTOB: 6 2
[loslyyeHHOE 3HaueHMe QyHKLUMM: -29
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